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Abstract: The aim of this study is to examine the conceptual and procedural understanding processes of eighth grade
students through syllabi based on 5E Learning Cycle for the subjects of identities and factoring. In this qualitative research,
the teaching experiment model was used. The research was carried out with 20 students studying in a public secondary school
in Istanbul. The levels of mathematical success of these students were, high, medium and low, and thus were heterogeneous.
A readiness test was applied to determine the prior knowledge and skills of students about identities and factoring. According
to the data obtained from this test, three different syllabi were designed and implemented to examine students' conceptual and
procedural understanding processes for identities and factoring. During the 12-hour teaching experiment, data were collected
via researcher's observation notes, readiness test, activity handouts and worksheets. The data were analyzed using descriptive
analysis technique. According to the results of the readiness test, students could adequately express their procedural
knowledge about algebraic expressions in 6th and 7th grades; however, it was inferred that their conceptual knowledge
wasn’t complete. Furthermore, evaluations were made during the syllabi which were prepared within the scope of the 5E
Learning Cycle. According to the data obtained from these evaluations, students were able to express the concept of identity,
which is one of the learning outcomes of identities and factoring, in terms of both conceptual and procedural knowledge.
However, it was observed that they were not able to completely achieve procedural and conceptual understanding of the
identity (a - b) 2, and procedural understanding of the identity a? - b2.
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Oz: Bu arastirmada amac, 6zdeslikler ve carpanlara ayirma konusuna yonelik, 5SE 6gretim modeline dayali hazirlanan ders
planlari ile sekizinci smif 6grencilerinin kavramsal ve islemsel anlama siireclerini incelemektir. Nitel aragtirma desenine
sahip olan bu ¢alismada, 6gretim deneyi modeli kullanilmustir. Arastirma, Istanbul ilinde bulunan bir devlet ortaokulunda
O0grenim goren 20 6grenci ile gergeklestirilmistir. Bu dgrencilerin matematik bagar1 diizeyleri yiiksek, orta ve diisiik olmak
lizere heterojen bir yapidadir. Ogrencilerin dzdeslikler ve carpanlara ayirma konusuna yonelik 6n bilgi ve becerilerini
belirlemek i¢in hazirbulunusluk testi uygulanmistir. Bu testten elde edilen verilere gore dzdeslikler ve ¢arpanlara ayirma
konusuna yonelik 6grencilerin kavramsal ve islemsel anlama siireglerini incelenmek amaciyla ii¢ farkli ders plani tasarlanmig
ve uygulanmustir. 12 ders saati siiren 6gretim deneyi siirecinde arastirmacinin gézlem notlari, hazirbulunusluk testi, etkinlik
kagitlar1 ve c¢alisma yapraklari ile veriler toplanmugstir. Veriler betimsel analiz teknigi kullanilarak analiz edilmistir.
Hazirbulunusluk testinden, 6grencilerin 6. ve 7. smifta gordiikleri cebirsel ifadeler konusuna yonelik islemsel bilgilerini
yeterli sekilde ifade edebildikleri; ancak kavramsal bilgilerinde eksiklikler oldugu belirlenmistir. SE &gretim modeli
kapsaminda hazirlanan ders planlar siiresince yapilan degerlendirmelerden elde edilen verilere gore, 6grencilerin 6zdeslikler
ve carpanlara ayirma konusunun alt kazanimlarindan 6zdeslik kavramini hem kavramsal hem de islemsel bilgi anlaminda
ifade edebildikleri, (a-b)*> 6zdesligini islemsel ve kavramsal anlamalarinda, a-b? 6zdesligini ise islemsel anlamalarinda
eksiklikleri oldugu goriilmiistiir.

Anahtar Kelimeler: Kavramsal anlama, islemsel anlama, cebir, 6zdeslik, 5E 6grenme modeli

Tiirkge siiriim i¢in tiklayiniz

1. Introduction

The role of education in our age is more based on the extent to which knowledge is meaningful and practical
in real life for a student rather than measuring how much a student learned. In innovative educational
environments, the more favored ones are those in which students’ role is not only to learn but also to interpret,
question and analyze processes, and in which they can learn by themselves. Through the change in the revised
curriculum (Republic of Turkey Ministry of National Education, 2009), the focus was shifted on a structure that
favors not only the student-centered and procedural knowledge but also conceptual knowledge. With this
perspective, students should not learn by memorizing and they should be given the chance to thoroughly
understand a subject. Conceptual knowledge and procedural knowledge, which are needed to obtain this skill and
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to put it to use in real life, were brought to attention by Hiebert and Lefevre (1986), and these types of
knowledge have been accepted as the basic types of knowledge by researchers and teachers. Thus, conceptual
and procedural knowledge have been seen as two of the most important research topics in the field of education.

1.1. Conceptual and Procedural Knowledge

A subject can be thoroughly learned by creating a meaningful relationship between conceptual and
procedural knowledge (Delice & Sevimli, 2010). This is the only way to gain proficiency in mathematics.
Therefore, mathematical knowledge needs to be supported in terms of conceptual and procedural knowledge in
order to become useful. It is not always possible to separate conceptual and procedural knowledge which can be
seen as two points on a continuum (Rittle-Johnson, Siegler, & Alibali, 2001). According to this opinion, it can be
predicted that the bi-directional relationship between conceptual and procedural knowledge creates interactions
between the two in time, and consequently they support each other (Rittle-Johnson and Schneider, 2015). In this
respect, it is essential to balance mathematical knowledge of students in terms of both conceptual and procedural
knowledge. Figure 1 represents an “iterative model” that shows the development of conceptual and procedural

knowledge in students.

(Improved)
Representation of
Problem

(Improved) (Improved)
Conceptual Procedural
Knowledge Knowledge

Figure 1. Iterative model for the development of conceptual and procedural knowledge (Rittle-Johnson,
Siegler and Alibali, 2001, p. 347)

According to Figure 1, progress in conceptual knowledge affects procedural knowledge positively while
enhancement of procedural knowledge allows conceptual knowledge to develop. In Figure 2, the interactions
between conceptual and procedural knowledge in the mental processes of a student is given.

Conceptual Procedural .
Knowledge ﬁ Knowledge Long:term memory

Reasoning, transforming,
applying, etc.

|

Observing,
problem solving.
explaining, experimenting, etc.

In working memory

Student behavior

Worked examples,
comparison prompts,
self-explanation prompts,
ordering of lessons, etc.

Learning environment

Figure 2. The components of the relations between conceptual and procedural knowledge (Rittle-Johnson
and Schneider, 2015, p. 1128).

As given in Figure 2, an important component of learning is memory, and the skills that depend on memory
show the correlated structure of conceptual and procedural knowledge during their formation. The formation of
these components occurs in a chain-like system. Eventually, knowledge is structured in the long-term memory of
the student and enables the student to answer the questions “Why?” and “How?”. Therefore, mathematical
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knowledge needs to be supported in terms of conceptual and procedural knowledge in order to become useful.
Rittle-Johnson and Siegler (1998) infer that there is a positive correlation between students’ ability to
comprehend mathematical concepts and applying procedures. Thus, the importance of interaction between
learning mathematics and conceptual and procedural understanding becomes clear. Therefore, a type of
education where conceptual and procedural knowledge is managed together would be more effective and
meaningful.

Considering its learning outcomes and aims, the subject field of algebra, which is one of the most basic
subject fields of mathematics, can be seen as a field that requires both conceptual and procedural understanding
to be managed together in class.

1.2. The Subject Field of Algebra

Baki (2015) summarizes the aim of the subject field of algebra as interpreting the notations of symbols and
graphs, making deductions and relating through symbols and graphs, and expressing these deductions and
relations with symbols and graphs. Usiskin (1988) explains algebra in a parallel way by arguing that it is a key to
define and analyze relations and to classify and understand mathematical structures as well as to solve certain
problems. Thus, it forms a basis for students’ future algebra experience to utilize these two types of knowledge
together in order to understand the subject of algebra which is not only a subject of mathematics but also a way
of thinking in daily life. A significant amount of time is given to the subject of algebraic expressions in
secondary school mathematics curriculum, and it is the subject where students are introduced to abstraction in
mathematics. This subject is dealt with in more detail in each level of education from then on. Thus, it is one of
the most important subjects of mathematics.

Lower Secondary School Mathematics Curriculum consists of five subject fields which are Numbers and
Operations, Algebra, Geometry and Measuring, Data Processing and Probability. Learning outcomes for the
subject field of algebra first shows itself in the 6™ grade. It is aimed that 6" grade students find the asked term by
using number patterns, interpret variables and algebraic expressions, do addition and subtraction with algebraic
expressions, and multiply a natural number with an algebraic expression. It is aimed that 7" grade students
understand the concepts of identity and equation, and solve first-degree equations in one unknown and related
problems. In 8" grade, students are expected to interpret equations and identities, and factor algebraic
expressions. Examining the linear relation between two variables, solving equations and examining inequalities
in one unknown are also included (Republic of Turkey Ministry of National Education, 2013). As given in the
mathematics curriculum, the concept of identities and the subject of factoring are first taught in g™ grade.

Relations, formulas and applications that are used for the subject of identities in 8" grade are not much
related to the real life. Furthermore, students’ learning is far from conceptual understanding in classes where
teachers make students memorize the formulas for identities. On the other hand, in the mathematics curriculum
(2018) it is stated that teachers should use concrete materials and various models as much as possible while
teaching a new concept and evaluating. Thus, conceptual understanding of identities can be achieved by
revealing the relation between algebra and geometry through models and by dealing with these two subject fields
as a whole. In the mathematics curriculum (2018), it is emphasized that when applicable one should link the
learning outcomes of algebra to those of other subject fields while teaching the learning outcomes of algebra.
Therefore, interpreting the subject field of algebra by dealing with it in a concrete environment has a significant
role in making students literate in mathematics, which is one of the goals of mathematics education, and in
enabling them to gain the skill of algebraic thinking.

Modeling identities with algebra tiles and geometrically interpreting the relations enable students to form the
knowledge in an active learning environment. This is one of the most basic components of constructivist
approach to learning. In constructivist approach to learning, student is the center of the curriculum, and the
learning objectives are aimed for high-level skills while a process-based learning plan is made (Kog, 2002). Kog
further explains this by saying that the content should be related to the interests of students and real life while the
learning, teaching and evaluation activities are completed, applied and evaluated together with students (2002).
The 5E Learning Cycle is one of the learning models that are most suitable for the constructivist approach, and it
is one of the most effective models that can be applied in such learning environments.

The 5E learning cycle enables students to discover new concepts by using their prior knowledge and enables
them to relate these concepts to their prior knowledge. Thanks to the learning and teaching activities applied
during classes, students thoroughly understand new concepts and learn about a certain problem situation by
themselves. Thus, the 5E learning cycle is an approach to learning where the course is planned in phases
(Kaymake1, 2015). The 5E learning cycle is a model in the form of a cycle. It is named after the initials of each
phase. These phases consist of engagement, exploration, explanation, elaboration and evaluation (Demir, 2018).

In recent years, a considerable amount of research that is aimed for secondary school students in the subject
field of algebra has been conducted and is still being conducted. The results of the research show that although
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many regulations have been made in curricula in terms of teaching algebra, students still experience some
problems in the subject field of algebra and they cannot successfully complete certain basic tasks such as
interpreting an algebraic expression, forming relations between algebraic expressions, knowing what the concept
“variable” means, forming identities, and as a result they have conceptual fallacies (Erdem & Aktasg, 2018;
Macgregor & Stacey, 1997; Ovez & Cinar, 2018; Sahiner, 2018; Simsek, 2018; Ulas, 2015; Yildiz, Cift¢i, Akar,
& Sezer, 2015). On the other hand, in some studies students were able to use their procedural skills by applying
the necessary rules and formulas on algebraic expressions and identities, but they could not explain these
procedures conceptually (Baki & Kartal, 2004; Bekdemir, Okur, & Gelen, 2010; Karaaslan & Ay, 2017; Sari,
2012). However, researchers detect that in learning environments where conceptual and procedural knowledge
are supported and managed together, students can complete the tasks successfully, and permanent learning is
achieved (Delice & Sevimli, 2010; Orhan, 2013; Ormeci, 2012; Rittle-Johnson, Siegler, & Alibali, 2001; Rittle-
Johnson & Koedinger 2009; Tastepe, 2018; Yazir, 2015).

As a result of the type of learning where conceptual and procedural understanding are constructed together,
to research the effects of them on students’ success in algebra can give insight about the power of this success
for the future mathematical success. This study explains how eighth grade students’ conceptual and procedural
understanding are formed in classes where 5E learning cycle is applied while teaching the subjects of identities
and factoring. Moreover, it presents activities that mathematics teachers can use in algebra classes, and these
activities are aimed at the needs of students in these classes.

The aim of this research is to examine the conceptual and procedural understanding processes of eighth grade
students in the subjects of identities and factoring through a teaching experiment based on 5E learning cycle.

Thus, the answers to the questions of ‘‘Do students have the prior knowledge required for achieving
conceptual and procedural understanding of the subjects of identities and factoring?’’ and ‘‘How do students
proceed with 5E learning cycle in the subjects of identities and factoring in terms of conceptual and procedural
understanding?’’ are sought.

2. Methodology

In order to do an in-depth examination of the conceptual and procedural understanding processes of the
eighth grade students in the subjects of identities and factoring, a process-based approach is required. Therefore,
a teaching experiment was used because it was more suitable for the aim of the research. Steffe and Thompson
(2000) describe a teaching experiment as a conceptual means that researchers use to organize their activities and
as a living methodology which is designed to research and explain the mathematical activity of students. The
main goal of using a teaching experiment in a study is to enable the researcher to understand mathematical
concepts and procedures created by students by experiencing students’ ways of learning mathematics and their
reasoning skills (Steffe and Thompson, 2000). Also, the methodology of teaching experiment can be defined in
terms of three central aspects in the context of developmental research which are designing and planning the
teaching, applying in-class activities and the retrospective analysis of all the data collected throughout the
teaching experiment (Cobb, 2000).

The most basic issue in conducting a teaching experiment is to make the actions and interactions involved in
the experiment reveal how a researcher should act and which questions he/she needs to ask in an unexpected
situation (Steffe & Thompson, 2000). Thus, a teacher (a researcher) has a significant role in a teaching
experiment. During a teaching experiment, teachers act in terms of the social context of the classroom and they
are highly effective in supporting their students in their mathematical development by interacting with them
(Cobb, 2000). The aim of the researchers is to examine students’ reasoning skills by interacting with them
responsively and intuitively (Steffe & Thompson, 2000). Researchers should keep expressing the underlying
meaning of what students say and do so that the researchers can become more experienced under the guidance of
students as the teaching experiment proceeds (Steffe & Thompson, 2000).

In this study, likewise, it is aimed to examine the way students think and their conceptual and procedural
knowledge of the subjects of identities and factoring by evaluating and interpreting the data collected. The
teaching experiment method is used since it is designed to enhance the learning process of students and to enable
the application of the syllabi.

2.1. Participants

The experimental group consists of 20 eighth grade students from a lower secondary school in Istanbul
during 2017-2018 educational year. The reason for this group to be chosen is that the aimed learning outcomes
are included in eighth grade and the students have heterogeneous levels of academic success. More importantly,
the researcher has been teaching mathematics to them since fifth grade, which means that the researcher saw and
experienced the difficulties students faced in the subject field of algebra.
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In the results section of the research, each student is given a number for the sake of the group’s privacy, and
the students’ levels of success were determined based on their grades in mathematics in 5", 6™ and 7" grade.
These levels are given in Table 1 with the determined student numbers.

Table 1. Students Numbers with Respect to Their Levels of Success

Level of Success Student Number

High Level of Success S1, S2, S3, S10, S12, S15

Medium Level of Success S5, S6, S7, S9, S13, S14, S16, S19, S20
Low Level of Success S4, S8, S11, S17, S18

It can be seen in Table 1 that students’ levels of success are distributed heterogeneously.
2.2. Means of Collecting Data

The researcher’s observation notes, diaries, the readiness test, activity handouts and worksheets included in
the syllabi were used during the research.

The readiness test was prepared in order to know the prior knowledge of the students about the subjects of
algebraic expressions, identities and factoring which were included in the eighth grade curriculum and to form
syllabi that were appropriate for the 5E model and what students knew. While preparing the test, learning
outcomes of the subject of algebra that were included in 6™ and 7" grade secondary school mathematics
curricula were taken into consideration. The questions were aimed at the basic concepts about the subject and the
application of these concepts, and they were able to assess the conceptual and procedural knowledge and skills
of the students. In order to validate the test, the questions were written according to the textbooks, books about
the subject, question banks and the experience of the researcher. Then, they were reviewed by a subject field
expert and a mathematics teacher. For the authenticity of the test, first it was used in a pilot scheme. Then, the
questions were reviewed and those that had semantical mistakes, problems in their structure of premise, etc. were
corrected and the test was renewed. There were 16 open-ended questions in total in the test. There were 5
conceptual questions about the learning outcome “Students can write an appropriate algebraic expression for a
given verbal condition, and a verbal condition appropriate for a given algebraic expression” which is the first
learning outcome of the subject of algebraic expressions in the 6" grade, 1 procedural one about the learning
outcome “Students can calculate the value of an algebraic expression for the possible natural number values of
the variable”, 1 conceptual one about the learning outcome “Students can explain the meaning of simple
algebraic expressions”, 2 conceptual and 1 procedural one about the learning outcome “Students can do
additions and subtractions with algebraic expressions” which is one of the first learning outcomes of the 7t
grade, 1 conceptual and 1 procedural one for each of the learning outcomes “Students can multiply a natural
number with an algebraic expression”, “Students can express the rule of a number pattern with letters and can
find the asked term of the pattern the rule of which is given in letters” and “Students understand the principles of
addition, subtraction, multiplication and division properties of equality”.

The prepared syllabi were appropriate for the 5E learning cycle. Syllabus 1 included the learning outcome
“Students understand simple algebraic expressions and can paraphrase them”, syllabus 2 included the learning
outcome “Students can multiply algebraic expressions and can factor them by using the grouping method” and
syllabus 3 included the learning outcome “Students can explain identities via models and can factor them”.
These syllabi were also first used in a pilot scheme, and due to some mistakes they were corrected by revising
the activities in the syllabi and the questions in the worksheets. However, due to the nature of the experiment, the
probability of making changes in the syllabi was always kept in mind throughout the application of it in case any
event in the experiment might have required it. The activity handouts and worksheets included in the syllabi
involved questions and activities that students could apply to new situations as these questions enabled them to
think, question and interpret, and as they made the students experience the learning outcomes in terms of
conceptual and procedural understanding. Questions, activities and various resources were examined and edited
according to the needs of the experimental group. They were revised in accordance with conceptual and
procedural understanding and examined by teaching specialists of the subject field. Then, their validity and
authenticity were proven through a pilot scheme.

2.3. Analysis of the Data

Because the questions in the readiness test were open-ended, how the students solved the questions, which
mathematical information they used, the procedures, drawings, comments and solutions were examined. Thus,
the researcher learned about the students’ prior knowledge that enabled them to conceptually and procedurally
understand the subjects of identities and factoring. Syllabi 1 and 2 were prepared according to this data. Syllabus
3 was prepared for the students who didn’t have any problems in terms of syllabi 1 and 2, and it was based on
the subjects of identities and factoring. Data was collected from the observations made during practices in the
experiment, activity handouts of the students, worksheets, diaries and notes of the researcher. Then, this data was
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examined carefully on the basis of descriptive analysis and in terms of the students’ conceptual and procedural
understanding of the learning outcomes.

How to evaluate conceptual/procedural understanding and the relations between conceptual and procedural
knowledge is highly important in terms of the interpretation and analysis of the results because these two types
of knowledge can develop as an inseparable whole. While procedural knowledge involves the criteria of going
through basic procedures step by step according to certain rules, formulas and algorithms, and of using prior
mathematical knowledge in the knowledge level, conceptual knowledge involves knowing the meaning of basic
concepts and giving examples, transitioning between representations and realizing relations between concepts,
interpreting questions by approaching to them as a whole and evaluating the given answers, which require a
more comprehensive and detailed evaluation (Rittle-Johnson & Schneider, 2015).

Therefore, in the section where the results were described, students’ answers and dialogs that took place in
that moment were directly given in order to exemplify the conceptual understanding and procedural knowledge
and skills of the students. The dialogs were recorded by the observer by taking notes without interrupting the
class, and the observations made during the class were written in a diary right after the class. Then, the results,
the way conceptual and procedural understanding were achieved and the relations in between were evaluated and
interpreted.

2.4. The Process

The teaching experiment took 12 hours and consisted of the readiness test and three different syllabi. First of
all, the answers to the readiness test, which was prepared according to the learning outcomes of the subject field
of algebra included in the 6™ and 7™ grade secondary school mathematics curricula, and the review of literature
in the subject field were examined. Then, what the students did wrong or didn’t know was detected, and data
about the conceptual and procedural knowledge of the students about the subject was collected. Using this data,
the researcher prepared activities and worksheets which were applied in the engagement, exploration,
explanation, elaboration and evaluation phases of the syllabi. These syllabi were appropriate for the 5E learning
cycle that enabled managing conceptual and procedural understanding together. The aforementioned activities
aimed to blend the procedural skills of the students with the knowledge they formed by making them first
explore the subject conceptually. On the other hand, worksheets aimed to observe how the students apply the
constructed conceptual and procedural knowledge in new situations. Three syllabi were prepared, and they
included the learning outcomes of the subjects of algebraic expressions, identities and factoring. The learning
outcomes given the syllabi according to this and how many class hours they took are shown in Table 2.

Table 2. Learning Outcomes Given in the Syllabi and the Class Hours

Syllabus 1 Syllabus 2 Syllabus 3
Students
uﬁ;[jue?gtr:r? d Students Students Csatnu?;(gtsr can Students
. Students can factor can . factor can factor
simple . . similar o o
The . can algebraic explain similar similar
. algebraic . . o forms of
Learning X multiply expressions identities forms of forms of
expressions : . the
Outcome algebraic  through the using . the the
and expressions grouping models expression expression  expression
' ' 24 +
paraphrase method. a 22ab a?- 2ab + a*- b
them. b2, b
Class 2 class 1 class 2 class 2 class 2 class 1 class
1 class hour
hours hours hour hours hours hours hour

Syllabus 1, which was prepared according to the given syllabi and hours, and for the learning outcome
“Students understand simple algebraic expressions and paraphrase them”, is shown in Figure 3.
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Students understand simple
Engagement algebraic expressions and
paraphrase them.

Exploration

Explanation

Elaboration

Evaluation

Figure 3. Syllabus 1

In the engagement phase, students were asked to write algebraic expression for various verbal expressions. In
this phase, they were given the clue that the letters used in algebraic expressions represented numbers, and when
these letters were replaced with different numbers the result changed and that these letters were variables. In the
exploration phase, they were asked to find the term, coefficient and constant by editing the given algebraic
expressions. In the phases of elaboration and evaluation, the students were asked questions that urged them to
interpret simple algebraic expressions and paraphrase the given expressions. During the pilot scheme of this
syllabus, it was realized that the activities of elaboration and evaluation repeated each other. Thus, after
consulting an expert, it was decided to do a common evaluation in other syllabi after all of the learning outcomes
of the syllabi were completed and before beginning the evaluation phase in order to save time. Syllabus 2 is
given in Figure 4.

Engagement Students
multiply
algebraic
expressions.

Exploration

Explanation

Elaboration

Students factor algebraic expression

C through the grouping method. )

Exploration —— Explanation —— Elaboration

4

Evaluation

Figure 4. Syllabus 2

Students were asked to find the areas of different plane shapes in the engagement phase of Syllabus 2. In this
phase, the focus was on the multiplication of algebraic expressions and the concept of factor. Then, the
experiment continued with working on exploring, explaining and elaborating the learning outcome “Students can
multiply algebraic expressions”. The elaboration phase of this part was also applied as the exploration phase for
the learning outcome “Students can factor algebraic expressions through the grouping method” and the
experiment continued with the phases of explanation and elaboration. In the exploration, explanation and
elaboration phases, some practices were done by using algebra tiles. During these practices, they worked with
teaching materials with which they were unfamiliar, and they got used to working with algebra tiles. Then, there
was a common evaluation session for the two learning outcomes. After that, the experiment moved on to the
third syllabus which included the subjects of identities and factoring. Syllabus 3 is given in Figure 5.
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Figure 5. Syllabus 3

While preparing Syllabus 3, the flexible structure of the curriculum was utilized. Each identity and factoring
that identity were taught together. In the engagement phase, students did an activity that emphasized the concept
of identity and the difference between an equation and an identity. Then, there were studies of exploration,
explanation and elaboration for the identity (a + b). In the elaboration phase, the focus was on factoring similar
forms of the expression a* + 2ab + b?, and this was also applied as the exploration phase for factoring similar
forms of the expression a?> + 2ab + b% The experiment continued with the explanation and elaboration phases.
Then, the evaluation phase was skipped and the exploration phase for the identity (a - b)> began. Again in the
elaboration phase, factors of expressions in the form of a? - 2ab + b? were emphasized, and the phase was applied
as the exploration phase for factoring expressions in the form of a? - 2ab + b2 The experiment moved on to the
explanation and elaboration phases. Again, the evaluation phase was skipped and the exploration, explanation
and elaboration phases for the identity a? - b*> were applied. In these phases, this identity and factoring it were
taught together. At the end of the syllabus, there was a common evaluation phase which included all of the
identities and their factoring.

3. Results

Students’ prerequisite learning outcomes about identities and factoring were examined on the basis of
conceptual and procedural understanding through the readiness test. It was realized that students’ answers were
more inadequate in the conceptual knowledge questions that required modeling something, interpreting models
and making deductions. Except the operational mistakes of a few students, whose success in the course was in
lower-medium level, most of the students were more successful in questions that required procedural knowledge
and skill. In the following section, the results about the minor issues of the research are explained.

3.1. Results concerning the prior knowledge of the students that is required to achieve conceptual and
procedural understanding of the subjects of identities and factoring

The prior knowledge of the students that is required to achieve conceptual and procedural understanding of
the subjects of identities and factoring was examined in Syllabus 1 and Syllabus 2.

In Syllabus 1, students who participated in the engagement phase of the learning outcome “Students
understand simple algebraic expressions and paraphrase them” were able to write appropriate algebraic
expressions for the following verbal expressions: “‘I gave 4 times the number of my pencils minus 2 pencils to
Giil. How many pencils did I give to Giil?’, “The number of girls in our classroom equals the product of 2 and
the number of boys plus 1. How many boys are there?’, ‘If the number of broken eggs is the sum of one fourth of
all the eggs and 5, how many broken eggs are there?’, ‘How can the square of a number be found?’, ‘What is the
sum of the number of Selma and Seher’s books?’. In the exploration phase, students were able to find the term,
coefficient and constant, but most of them didn’t remember that a constant is also a coefficient. Students were
asked to leave this part of the table empty. Then, they were reminded that a constant is also a coefficient in the
explanation phase. In the elaboration phase, most of the students were able to write appropriate algebraic
expressions for verbal expressions and appropriate verbal expressions for algebraic expressions. Also, they were
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able to find the terms, coefficients and constants of these algebraic expressions and paraphrase these expressions.
In the evaluation phase, students thoroughly finished all of the questions. The solution of the student S11 in the
evaluation phase is given in Figure 6.

2. Asagida verilen cebirsel ifadelere uygun sizel ifadelere yazimiz.
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Figure 6. The Solution of Student S11 in the Evaluation Phase
(Translation of the answers and the main question that are shown in this figure is given below:
“2. Write appropriate verbal expressions for the given algebraic expressions.

a) 6 plus the square of a number
b)7 times a number, plus 4 times another number, minus 3
¢) The product of 6 and the difference of a squared number and 1)

Students understood the concept of variable in terms of conceptual understanding, and they were able to
write an appropriate algebraic expression for a verbal expression and an appropriate verbal expression for an
algebraic expression. In addition, they were able to find the terms of an algebraic expression based on the
addition and subtraction operations between the terms. However, in the elaboration phase it was seen that student
S6 wrote -ab® while rearranging the expression (-a.b) + (-a.b) + (-a.b) in the question that required doing
operations between similar terms and that was designed for procedural understanding. In this part, the student’s
attention was drawn to the additions between the terms and the student was asked to check his/her solution.
Then, students who made operational mistakes similar to those of S6 were allowed to correct their mistakes.
Eventually, in the evaluation phase all students correctly answered all of the questions that required procedural
skills. The solution of student S19 in the evaluation phase is given in Figure 7.

3. Asagdaki tabloyu doldurunuz.

r Cebirsel ifade Terimler Terim sayisi Katsayilar Sabit terim
25 1 B Y
3.a.a.b wtk 4 5 W
Sm.m +2.3n Sor O n 5.6 \ISO\L
dkk-546t | Ll % z/‘)i‘ L ~h 1D \So\k
XX -2yyy+dzz |—X 243, Ly* S \:‘6‘

Figure 7. The Solution of Student S19 in the Evaluation Phase

Throughout this process, it was observed that students achieved procedural understanding of the subject by
doing arithmetical operations between similar terms and paraphrasing algebraic expressions. Furthermore, thanks
to the 5E learning cycle, it can be said that students were given the chance to experience the learning outcomes
in a way that conceptual and procedural understanding supports each other.

In the engagement phase, which was prepared for the learning outcomes “Students can multiply algebraic
expressions.” and “Students can factor algebraic expressions through the grouping method.”, of the Syllabus 2,
students were introduced to the topic through an activity about multiplying two algebraic expressions by using
the area formula of a rectangle. It was seen that students were able to easily multiply two algebraic expressions
by using the area formula of a rectangle in this activity.

In the exploration activity, it was aimed to make students understand the distributive property of
multiplication over addition and subtraction on different examples by using the area formulas of rectangular
fields before moving on to the subject of multiplying algebraic expressions. The solution of student S7 in this
phase is given in Figure 8.
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Figure 8. The Solution of Student S7 in the Exploration Phase

Because students had been taught about the distributive property in early years, it was observed that they
didn’t have any difficulties in this activity thanks to their prior knowledge. Students of lower levels of success
and who had trouble with the preparatory practice also remembered the distributive property.

Again as an exploration activity, in order for students to conceptually understand the multiplication of
algebraic expressions by modeling with algebra tiles, each student was first distributed algebra tiles to gain some
experience in making models and they were given information about the areas and the lengths of the sides.
Multiplication of algebraic expressions was explained by modeling different forms of the operations 2.(x + 3),
X.(x + 2), (x + 3).(2x - 1) with algebra tiles. This phase continued in Q&A format. Students were asked to model,
and they were asked questions in order to learn their opinions and comments. Thus, conceptual understanding of
the learning outcome could be achieved in a way that supports procedural understanding. The dialog between the
researcher and students about modeling the expression (x + 3).(2x - 1) is as follows:

A: Now, let’s choose the algebra tiles that we need and determine the sides of the rectangle.

S4: The sides should be (x + 3) and (2x - 1). (Most of the students were able to say this)

S10: We can choose one tile with area of x> and three tiles with area of x. This side is (x + 3).

S17: We put another tile with area of x? below this and we get 2x.

S6: And at the bottom, we put this. This side of it is -1 (shows the tile representing the negative and the width of
which is -1).

After the first two multiplications, students could model the given multiplication as the area of a rectangle.
They were able to find the area both conceptually by summing the areas of the pieces they used and procedurally
by applying the distributive property to the expression (x + 3).(2x - 1), and they could show that the two results
were equal. After the remarks of the students, the model was repeated and it was emphasized by drawing
attention to the negative algebra tiles. Then, the session moved on to the elaboration phase after teaching about
the distributive property over addition or subtraction again.

In the elaboration phase, students were distributed algebra tiles and asked to model the multiplication of the
given algebraic expressions using the algebra tiles and to write algebraic expressions that were suitable for the
given model. In this phase, the solution of student S20 for the question given in part b is shown in Figure 9.
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Figure 9. The Solution of Student S20 for the Question Given in Part b
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As shown in Figure 9, S20 first formed the model by using algebra tiles, and then drew a representation of it.
Furthermore, S20 procedurally developed an algorithm by showing that the area of the formed shape was equal
to the sum of the areas of the used pieces. However, S20, who used tiles with area of +1 unit> where green tiles
with area of -1 unit? should have been used, was asked to multiply the algebraic expressions again by using the
distributive property. Thus, S20 was able to see his/her mistake by examining the model and checking the
lengths of the sides of the rectangle. Then, S20 reviewed his/her answer and corrected it. Therefore, it can be
said for S20 that the conceptual understanding of the question was achieved. Also, it can be said that procedural
understanding was also achieved because S20 confirmed the result by applying the distributive property.

In another question of the elaboration phase, students were asked to write appropriate algebraic expressions
for the given models. The solution of student S20 is given in Figure 10.
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Figure 10. The Solution of Student S20 for the Question Given in Part b

S20, had disregarded the negative terms while solving the first question. However, in this question, S20 paid
attention to the algebra tiles and was able to interpret the model and find the correct answer. When students were
given already-done models in this part, they were able to answer the questions involving the multiplication of
algebraic expressions conceptually more easily since they became experienced in using algebra tiles.

During this part of the Syllabus 2, students identified the factors of the algebraic expression by using models.
They were able to transition between representations by using models of multiplication of algebraic expressions.
Furthermore, they were able to write the multiplication of algebraic expressions by interpreting the given model.
Thus, it can be said that conceptual understanding was achieved. In addition, students were able to multiply
expressions involving letters. They were able to apply the distributive property of multiplication over addition
and subtraction while doing the multiplications 2.(x + 3), x.(x + 2), (x + 3).(2x - 1), and while multiplying
algebraic expressions that they formed according to the given model. Thanks to this method, it was observed that
students comprehended and applied the meaning of the distributive property of multiplication over addition and
subtraction more easily, and thus, procedural understanding was supported. Also, working with concrete
materials increased the interest and participation to the practice. In different phases of the syllabus, students had
the chance to comprehend the multiplication of algebraic expressions conceptually and procedurally.

Before starting the evaluation phase of multiplication of algebraic expressions, students easily remembered
the concept of factor by referring to the subject of factors and multiplication that had been taught in the previous
semester. Thus, they realized that each side of the rectangle was a factor, and then they were introduced to the
subject of “factoring”. Then, the session continued with the exploration activity for the learning outcome
“Students can factor algebraic expressions through the grouping method”.

In the exploration phase, students were asked to form rectangles the areas of which were 3x + 6 and x> + 3x
by using algebra tiles. Then, they were asked to find the areas of the formed rectangles by finding the side
lengths in their models. The answers of students S19 and S18 to the questions are respectively given in Figure
11.
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Figure 11. The Solution of Students S19 and S18 in the Exploration Phase

All students, including S19 and S18, made a rectangular model for the given algebraic expression, and were
able to write the expression in the form of multiplication of two algebraic expressions. They also found the
common factor. Thus, students were able to form a relation between algebra and geometry through the models
they made and were able to achieve conceptual understanding of the grouping method of algebraic expressions.
In order for the learning outcome to be understood procedurally, students were asked to remember their prior
knowledge and think about how to procedurally use the grouping method. The dialog that took place in this part
is as follows:

A: So, do you remember how we find common factors or common multiples? We learned about these in our classes
on factors and multiplication. For example, what are the common factors of 8 and 10?

S2: Both of them can be divided by 2.

A: S2, could you explain how we find that?

S2: 8 equals 2 times 4. And 10 equals 2 times 5. Then, 2 is the common factor.

A: Yes. Then what do you say about the common factor of the terms of the expression (x2 + 3x)?

S3: In the term (x* + 3x), x is a factor.

A: Could you explain how we find that?

S3: We can write x? as X times X, and 3x as 3 times X. So, both expressions have x in common.

A: Yes, that is correct. Does everyone understand how we did that? (All students responded positively) If x is
common, then how do we write the expression x2 + 3x in the form of a multiplication?

S3: We write it as x.(x + 3) by using the common factor.

A: That is the exact way to write it. So, how do we write the expression 3x + 6 in the form of a multiplication?

S5: 3 is common here.

A: Could you explain how we find that?

S5: 3x equals 3 times X, and 6 equals 3 times 2. So, 3 is common. It is written as 3.(x + 2).

When students were reminded about the concepts of common multiple and common divisor that they had
learned in the subject of factors and multiplication, they were driven to think about the subject. As a result, they
were able to find the common divisors of numbers and they found the common factor. After that, when students
were asked to find the factors of the given expressions and to find the common factors, they based their
reasoning on this, and thus were able to find the common factors of the terms. As a result, students were able to
find the common factors of algebraic expressions by developing a procedural algorithm. Thus, it can be said that
students were able to express the grouping method by using their procedural knowledge. In the explanation
phase, factoring algebraic expression through the grouping method was taught in terms of procedures.

In the elaboration phase, there was a question that required students to factor the expressions 5x + 5y, 24a +
32, 12m?n — 8mn?, 18x® — 27x? + 36%, 8a%b — 6ab? by using the grouping method and their procedural knowledge
without making any models. All students were able to easily factor the first expression. The solution of student
S11 for the expression 24a + 32 is given in Figure 12.

B) 24a+32 G U’JQ *87
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Figure 12. The Solution of Student S11 for Part B

S11 found one of the common factors while factoring the expression 24a + 32 instead of finding the greatest
common factor. With the permission of S11, his/her solution was written on the board and examined. All
students had the chance to see the solution and explanations and they were asked to contemplate. The dialog that
took place in this part is as follows:

T: Is the equality of 24a + 32 = 4.(6a + 8) factored correctly through the grouping method?
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S10: Yes. Both 24 and 32 can be divided by 4.

T: Then, are there any common factors in the expression 6a + 8?

S7: Yes, there is. They can be divided into 2.

T: So, what should be the common factor?

S9: Then, it should be 8 because it equals 2 times 4.

S11: It should be the greatest common factor.

T: Yes, that is correct. Actually, the solution of S11 (showing 24a + 32 = 4.(6a + 8)) is not wrong, but if we choose
the greatest one of the common factors of a given algebraic expression, we get a more correct equality.

Thanks to the discussion where students were asked questions, both S11 and other students who did a
mistake in this question found the greatest common factor of the terms, and procedurally understood how a
common factor is found. The solution of student S3 for the expression 12m?n — 8mn? is given in Figure 13.
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Figure 13. The Solution of Student S3 for Part C

Although S3 found the greatest common factor of the coefficients of the terms as shown in Figure 13, there
were three students who didn’t realize the common variables. The dialog that took place while student S3 was
explaining his/her solution by using the board is as follows:

T: S3, how did you find the common factor?

S3: The number that divides 12 and 8 is 4.

T: Could you also examine the variables of the terms? What are the common factors of the terms’ variables?
S3: Yes, the variables m and n are common.

T: Could you explain how we find that?

S3: m? equals m times m, and n? equals n times n.

S11: So, the common factor is 4mn.

Thanks to the solution done on the board and the explanations of this part, students procedurally learned how
to find the common factors of variables by writing the exponent variables in the form of multiplications. Thus, in
the other questions, all students were able to achieve procedural understanding of the learning outcome of
factoring through the grouping method by finding the common factors of coefficients and variables of the given
algebraic expressions.

In terms of conceptual understanding and the learning outcome “Students can factor through the grouping
method”, students comprehended the concept of common factor, and found the side lengths of the rectangles
with areas of 3x + 6 and x*+3x by modeling them in this syllabus. As to the procedural aspects, students found
the common factors by relating this subject to the subject of factors and multiplication, and were able to find the
greatest common factors of the coefficients of the terms. In addition, they were able to find the common factor
by writing the exponent variables (m?) in the form of multiplications (m times m), and they grouped the
algebraic expression by taking the common coefficients and variables into account.

In the evaluation phase of the syllabus, in order to see to what extent conceptual and procedural
understanding were achieved for the learning outcomes “Students can multiply algebraic expressions” and
“Students can factor algebraic expressions through the grouping method”, students’ conceptual and procedural
understanding were assessed together in the questions that required both making models and using procedural
knowledge. In terms of these two types of knowledge, all students showed progress in both the answers to the
evaluation questions and throughout the process. Furthermore, students were made ready for the subjects of
identities and factoring by learning what they hadn’t known and by completing their prior knowledge.

3.2. Results concerning the conceptual and procedural understanding processes of students while learning
the subjects of identities and factoring

This section includes the results produced by the application of Syllabus 3 which had been prepared for the
learning outcomes “Students can explain identities using models” and “Students can factor similar forms of the
expressions ‘a? + 2ab + b?, a - 2ab + b* and a - b**”.

In the engagement phase, students were given different equalities. They gave different values to variables of
the equalities, and saw that both sides of some equalities were the same under all conditions. Then, students were
asked to find which of the following equalities had both sides being equal under all conditions: 2.(x + 4) = 2x +
8,2-Xx=x+2,-(4a+7)=-4a-7,9m+ 7m= 16m, (3x)> = 3x2. By doing arithmetical operations, most of the
students said that these equalities were the 1%, 3" and 4™ ones. After that, students found that the variables of the
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other equalities had only one value by replacing the variables with different numbers, and they remembered that
these were equations. The dialog that aimed to give a clue about the concept of identity is as follows:

A: What is the difference between the equations you found and the other equalities?

S13: In the others, whatever value we give to x, the two sides are always equal.

S5: But x has only one value in an equation.

A: Yes, that is correct. So, how do you define these equalities?

S19: No matter which number we replace the variable with, the right side is equal to the left side.

Thus, it can be said that procedural knowledge of understanding the concept of identity and the difference
between an identity and an equation were formed by supporting conceptual understanding.

3.2.1. Results Concerning Square of Sum of Two Terms

Figure 14 shows the solution of student S11 in the activity that was aimed at making students conceptually
understand the identity of the square of sum of two terms in the exploration phase.
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Figure 14. The Work of Student S11

All students, just like S11, found the area of the square by both summing the areas of the pieces and using the
area formula of a square, and they saw that the two methods produced the same result. Thus, they realized that
the expression (10 + 5)? is equal to the expression 10% + 2.5.10 + 5% which has three terms, by making models. In
the explanation phase, what students had explored in the previous phase was explained again in terms of
procedures by saying that the identity of (a + b)? is solved as the sum of the square of the first term plus two
times the multiplication of the first term and the second term plus the square of the second term.

In the elaboration phase, students were asked to write the expansions of the expressions (x + 5)2, (2a + 3)2, (k
+ 4m)? by using the square of sum of two terms. It was seen that some students solved without squaring the
coefficient in the expression (2a + 3)2 After students were given a clue by reminding them to check their
solutions in which they squared a variable with a coefficient, they corrected their mistakes. Therefore, it was
observed that students achieved procedural understanding of this identity. In the other questions of the
worksheet, students were asked to draw models of the given algebraic expressions by using algebra tiles, and to
find the factors of the given expressions with three terms by using the area formula of the shape they formed.
The solution of student S12 is given in Figure 15.
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Figure 15. The Solution of Student S12 for the 3™ Question

The fact that all students, including S12, were able to model an expression with three terms by deciding
which algebra tiles to use shows that they used conceptual knowledge. In addition, they were able to write the
identity by using the side lengths of the square model. They did this through the area formula of a square and by
summing the areas of the algebra tiles. Eventually, they found the factors of the given algebraic expressions. By
modeling, they conceptually discovered that the factors of a given expression with three terms were also the
factors of the algebraic expression that is one side of the square they formed. This phase was also applied as an
exploration activity for the learning outcome of factoring the expression a? + 2ab + b2 In the explanation phase,
it was shown that (x + 2) was a factor of the algebraic expression x* + 4x + 4 by teaching the factoring method
for x* + 4x + 4 in terms of procedures. In the elaboration phase, the questions were intended for factoring the
expression a? + 2ab + b2 The conceptual questions asked to model this, and the procedural ones were meant to
assess procedural knowledge. Students were able to correctly answer both conceptual and procedural questions.

Throughout the learning process, all students learned about the learning outcomes concerning the square of
sum of two terms and factoring it. In terms of conceptual understanding, they learned about the concept of
identity. They were also able to distinguish between an identity and an equation, and to form the identity by
using geometrical models and relations. They generalized this identity through expressions with letters. In
addition, they modeled expressions with three terms and they factored them. They were able to find the identity
that is modeled geometrically and its factors. As to the procedural aspects, they were able to write the area
formula of a square through terms with letters, and they wrote the expansion of the square of sum of two terms
by using the formula. Also, they were able to factor algebraic expressions with three terms by using formulas.
Thus, the subject of the square of sum of two terms and factoring it, as well as understanding this subject
conceptually and procedurally, was repeatedly supported in various phases of the syllabus.

3.2.2. Results Concerning the Square of the Difference of Two Terms

In the exploration phase, students did an activity that was aimed to make them conceptually understand the
square of the difference of two terms. Each student completed this activity by himself/herself. The work of
student S5 is given in Figure 16.
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Figure 16. The Work of Student S5

The dialog between the researcher and students about the solution given in Figure 16 is as follows:
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T: How did you form the square that has sides of (8 - 1) units based on the square you had?

S11: 1 cut 1 cm off the side, and here (shows the other side of the square).

T: So, how did you find the area of the rest of the square?

S5: 1 did it by multiplying two sides.

T: Is there another way to find the area of the square?

S20: By subtracting the parts that we cut off from the whole shape.

T: That is correct. Now, let’s find the area of the rest of the square by subtracting the areas of the parts we cut off
the area of the whole square.

Most students had determined the pieces the one side of which was 1 unit, and cut these pieces by themselves
out of the squares the side of which was 8 units. Thus, in this part, they were able to realize that they had
subtracted the square on the intersecting part of the cut pieces which had area of 1 unit? twice. They told that the
area of that square should be added. However, there were students who couldn’t find the correct result and the
identity. Still, these students were given the chance to conceptually understand the identity through the
discussions in Q&A format and the solutions examined on the board. Furthermore, in order to support the
conceptual understanding of the square of the difference of two terms and make this understanding more
permanent, students were given squares with different side lengths and asked to do the previous activity one
more time using these. Thus, they gained conceptual proficiency of the square of the difference of two terms by
experiencing the problem by themselves on a square model. In the explanation phase, how to find the expansion
of the square of the difference of two terms was explained once again in terms of operations.

In the first question of the elaboration phase, students were asked to find the equal expressions of the
algebraic expressions (X - 7)%, (3a - 4)%, (z — 2t)? by using the square of the difference of two terms. They were
able to find the correct answer by taking the coefficients of the terms into account. This shows that students
gained the proficiency of procedurally understanding the expansion of the square of the difference of two terms.
In the other questions of the worksheet, students were distributed algebra tiles. Then, they were asked to model
the algebraic expressions x2 - 4x + 4 and x? - 6x + 9, and to factor these expressions by using the area formula of
a square on the square they made. The solution of student S20 is given in Figure 17.

X

Figure 17. The Answer of Student S20 for the 2™ Questio

The dialog between S20 and the researcher that took place in this part is as follows:

T: Could you check whether the area of the model you formed equals the given algebraic expression?

S20: When I sum the areas of these pieces, I get x? - 4X - 4. It isn’t equal to this. (shows the question involving x? -
4x + 4)

T: So, could you check your model again?

S20: I need one “x?”, four “-x” and four “+1” so that I get “+4”. I should put the orange ones here because their
signs are positive. (Shows the algebra tiles with area of 1 unit2)

While S20 was thinking about the square that he/she had modeled in the beginning, S20 realized by
himself/herself that orange tiles with area of +1 unit? should have been used instead of the green tiles with area
of -1 unit’. Students who also used the wrong algebra tiles corrected their models according to the explanations
made in this part. Thus, they learned from their mistakes and were careful about that in the other question. So, it
can be said that students conceptually understood that the side length of the square was the factor of the algebraic
expression. This phase was constructed as the exploration activity for factoring quadratic expressions. In the
explanation phase, it was shown that (x - 3) was a factor of the algebraic expression x - 6x + 9 by explaining the
factoring method for x2 - 6x + 9 in terms of operations.

In the elaboration phase, students were able to factor the expressions 9Im? - 42m + 49, 25a% - 80ab + 64b?,
which have three terms, by using their procedural knowledge, and they correctly answered the conceptual
questions that asked for modeling. In this class, all students learned about the learning outcomes concerning the
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square of the difference of two terms and factoring it. In terms of conceptual understanding, they found the
identical expression of the square of the difference of two terms by using the area formula of a square. They
generalized this numerical identity through expressions with letters. Also, they were able to geometrically model
algebraic expression with three terms and factor them. Finally, they were able to find the identity that was
modeled geometrically and its factors. As to the procedural aspects, they found the expansion of the square of
the difference of two terms by using the formula, and were able to factor the algebraic expressions with three
terms by using the square of the difference of two terms. As a result, it can be said that the square of the
difference of two terms and factoring this identity were experienced by all students in a way that conceptual and
procedural understanding supports each other throughout the phases of 5E learning cycle.

3.2.3. Results Concerning Difference of Two Squares

The activity included in the exploration phase was aimed to achieve conceptual understanding of difference
of two squares. In order to make this activity easier to understand, dot or graph papers were used. The solution of
student S12 is given in Figure 18.
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Figure 18. The Work of Student S12

All students, including S12, were able to say that the area of the bigger piece they found at the beginning was
equal to the area of the rectangle they formed in the second stage. The dialog between the researcher and S6 that
took place in this part is as follows:

T: How do you find the area of the rectangle you formed?

S6: Teacher, the shorter side should be (9 - 3) and the longer side should be (9 + 3). | would multiply these to find
the area.

T: Yes, that is correct. So, what can we say about the areas we found?

S6: This is the same shape (shows the rectangle). We formed it by cutting. The two are equal.

S20: Teacher, this means that we factored 92 - 32,

T: Yes, that’s exactly what we did.

Thus, it can be said that students conceptually discovered how to factor 9% - 32 by proving that these two
expressions were equal. All students gained proficiency in conceptual understanding of difference of two squares
and factoring it. In the explanation phase, the identity a?> - b? which had been discovered by students, and
factoring it were explained by making models.

In the elaboration phase, there was a question that was aimed for conceptually and procedurally assessing
students’ knowledge and skills for difference of two squares and factoring it. The solution of student S10 for this
question is given in Figure 19.
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Figure 19. The Solution of Student S10 in the Elaboration Phase
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Students found the area of the final shape by first subtracting the area of the smaller square from the area of
the bigger square. Then, they were able to write the factors by using the expansion of difference of two squares.
In this class, students learned about the subject of difference of two squares and factoring it. In terms of
conceptual understanding, all students were able to find the expression that was equal to the difference of two
squares by using the area formulas of a rectangle and a square on their models. In addition, they discovered the
general identity a? - b? through the examples of 92 - 3% and x* - 62, and they found the identity representing the
given model and its factors in different problems. In terms of procedural understanding, on the other hand, they
were able to factor the expression of difference of two squares through the area formula, and they could factor
the given algebraic expressions in different problems. Thus, it can be said that all students experienced
conceptual and procedural understanding of the identity a? - b> during the phases of exploration and elaboration
of this syllabus in a (}/cle.

In the 1% and 2" questions of the evaluation phase, which was the last part of the teaching experiment,
students found the equalities that were identities by giving different values to the variables and seeing which
equalities were true under all conditions. They were able to distinguish between an identity and an equation by
both doing mathematical operations and writing the expansions because of having learned all of the identities.
The solution of student S14 for the first question requiring to identify the identities is given in Figure 20.
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Figure 20. The Answer of Student S14 for the 1% Question

S14 said that the algebraic expressions which were always equal to each other for all the values of the
variables were identical. This shows that S14 explained the concept of identity by using his/her conceptual
knowledge. Some students were able to match the algebraic expressions that were identical because they had
learned the expansions of identities. The solution of student S11 is given in Figure 21.
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Flgure 21. The Answer of Student S11 for the 1% Question

It was seen that some students like S11 found the identical terms through the rules of identities which they
had learned based on their procedural knowledge. In the 2™ question, students were asked to distinguish between
the concepts of identity and equation. The solution of student S7 is given in Figure 22.
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Figure 22. The Answer of Student S7 for the 2™ Question

When the evaluation papers were examined, it was observed that other students paid attention to the
coefficients of the equalities and their signs just like S7 did. Also, they took the rules of identities into account,
and found the equalities that weren’t identities. Thus, it can be said that students distinguished between the
concepts of equation and identity based on their procedural knowledge. Eventually, procedural skills of students
enabled them to distinguish between basic structures like an equation and an identity and to understand these
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structures. These skills also enabled them to discern the concept of identity. Therefore, procedural skills of
students supported their conceptual learning.

Figure 23 shows the solution of student S4 for another question that was about factoring the square of the
difference of two terms and that was intended to assess procedural understanding.

3) - 4at36lig terimli cebirsel ifadenin bir tam kare ifade belirtmesi‘igin ¢ dogal
sayist kag olmalidir?

- barf -4

Figure 23. The Answer of Student S4 for the 3" Qdeéiio'n

S4 realized that the square root of 361 was 19, but squared the whole algebraic expression. Thus, it was seen
that S4 didn’t realize that the given expression was in the form of the square of the difference of two terms. The
solution of student S18 for the same question is given in Figure 24.
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Figure 24. The Answer of Student S18 for the 3" Question

Although S18 realized that the given algebraic expression was the expansion of the square of the difference
of two terms, S18 couldn’t find the second term. It is deduced that 4 students, including S14 and S18, whose
levels of success were low didn’t have sufficient procedural understanding of the square of the difference of two
terms. However, students whose levels of success were medium or high were able to answer the question easily.

In another question, students were asked to first write the algebraic form of a given verbal expression, and
then to factor it. The solution of student S5 is given in Figure 25.
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Figure 25. The Answer of Student S5 for the 4™ Question

As shown in Figure 25, the algebraic expression written by student S5 was wrong, and S5 couldn’t find the
common factor of the terms. After the evaluation, S5 was asked about why he/she had chosen to solve it in this
way. S5 said that he/she had thought this was what the question asked for, and that this was the reason for
writing the algebraic expression in that way. Thus, it is deduced that carelessness caused this mistake and not
lack of knowledge. However, most students were able to find the square of sum of two terms by writing the
appropriate algebraic expression for the given verbal expression and writing its expansion. Thus, it was deduced
that most students achieved conceptual and procedural understanding of this identity.

Furthermore, students were able to correctly write the similar forms of identities a> + 2ab + b? and a? - 2ab +
b? by using their procedural knowledge while factoring these expressions. However, 5 students couldn’t factor
the expressions given in the form of a? - b2 The solution of student S7 is given in Figure 26.
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Figure 26. The Answer of Student S7 for the 5™ Question

S7 found the square roots of the terms of expressions given in parts ¢ and d. However, S7 saw these
expressions as the square of sum or difference of two terms by generalizing the expressions, and made mistakes
in the equalities he/she wrote. When the evaluation papers were examined, it was realized that students had
difficulty in parts ¢ and d. In part c, student S13 factored without grouping the terms and without making 2 the
common factor. This issue might have been caused by not dwelling on different algebraic expressions which
would have made students use their procedural knowledge in the elaboration phase of difference of two squares.
Therefore, it was deduced that procedural knowledge of these students for factoring the difference of two squares
was not complete.

In the last question where students were asked to explain identities through models, students easily modeled
the square of sum of two terms and difference of two squares, but had difficulty modeling the square of the
difference of two terms. The solution of student S14, whose level of success is medium, is given in Figure 27.
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Figure 27. The Solution of Student S14 for Part c

As shown in Figure 27, S14 first tried to write the expansion of the identity, but did mistakes in the signs of
the terms. S14 didn’t show the negative tiles in his/her model, and modeled a square the side length of which
was (2x + 1). The student’s procedural mistake caused him/her to model incorrectly. It was also observed that
conceptual understanding of S14 was not complete. On the other hand, a few students couldn’t use the negative
algebra tiles, and couldn’t finish their models. The solutions of students S11 and S9 are respectively given in
Figure 28.
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Figure 28. The Solutions of Students S11 and S9

5 students tried to model a square the side length of which was (2x - 1) for the given algebraic expression just
like S11 and S9 did. However, they couldn’t finish their models. After the evaluation phase, S11 and S9 were
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asked about how they formed the models. They said that they tried to form a square but couldn’t figure out the
length of the other side. Thus, it was observed that these students’ conceptual understanding of the identity (a -
b)*> was not complete. Their procedural knowledge was not complete either since they couldn’t write the
expansion of the identity. Results concerning the formation of students’ conceptual and procedural
understanding of modeling and factoring identities are given in Table 3. This data is based on the answers to the
evaluation questions which were the last phase of the teaching experiment.

Table 3. Results Concerning Students’ Conceptual and Procedural Understanding of the Subjects of Identities
and Factoring

Type of . Question Student
Knowledge Learning Outcome Number Number
= Students understand the concept of identity. 1 All
-% Students can explain the difference between the 2 Al
S concepts of identity and equation.
o Students can find the square of sum or difference of
§ two terms by writing the appropriate algebraic 4 All except S5
-) expression.
S Students can model_3x.(x -2) aqd similar 6 (part a) All
=4 expressions by using algebra tiles.
8 Students can model (x + 3)? and similar expressions
§ by using algebra tiles. 6 (part b) All except S16
. . All except S4,
Students can model (2x - 1)? by using algebra tiles. 6 (part c) S8, S11. S14, 518
Students can write the expansions of the identities 1 All
(a+b)% (a-b)?and a2 - b? through their rules.
o Students can factor quadratic expressions with three 5 (parts a All
-% terms by using the rules of (a + b)? and (a - b)%. and b)
S Students can write the appropriate algebraic
©
12 expression for a verbal expression, and factor it. 4 All except S5
5 - .
S Students can multiply the terms in 3x.(x - 2) by
5 using the distributive property. 6 (parta) Al
T Students can write the expansion of the expression
_g (x + 3)? through the rule of the identity. 6 (part b All except S16
8 Students can write the expansion of the expression 6 (part ) All except S9,
E (2x - 1)? through the rule of the identity. P S11, S14
Students understand the square of the difference of 3 All except S4,
two terms and find an unknown term of it. S8, S11, S18
Students use difference of two squares on different 5 (parts ¢ All except S7,
algebraic expressions. and d) S8, S13, S18

As shown in Table 3, all students drew the models for the square of sum of two terms more easily by using
algebra tiles and easily factored it in their conceptual and procedural understanding processes in the subjects of
identities and factoring. Because all terms of the square of sum of two terms are positive, it was seen that
students completely achieved both conceptual and procedural understanding. However, students S4, S8, S11,
S14, S18, who have low or medium levels of success, had difficulty modeling the square of the difference of two
terms, while students S4, S8, S11, S18 had difficulty procedurally understanding the square of the difference of
two terms. Also, it was observed that students S8, S18, S7 and S13 had difficulty procedurally understanding
difference of two squares.

4. Discussion, Conclusion and Suggestions

In this research, conceptual and procedural understanding processes of eighth grade students in the subjects
of identities and factoring were examined through a teaching experiment based on 5E learning cycle. Thus,
results were analyzed in two stages where the questions of ‘Do students have the prior knowledge required for
achieving conceptual and procedural understanding of the subjects of identities and factoring?’’ and ““How do
students proceed with 5E Learning Cycle in the subjects of identities and factoring in terms of conceptual and
procedural understanding?’’ were examined.

In the first stage, prior knowledge of students about the prerequisite learning outcomes of identities and
factoring was examined. Thus, learning outcomes of “Students understand simple algebraic expressions” and
“Students can paraphrase algebraic expression’> were considered as the prior knowledge that students use in
order to achieve conceptual and procedural understanding of the subjects of identities and factoring which are
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included in the mathematics curriculum. In this respect, it was observed that students easily wrote appropriate
algebraic expressions for given verbal expressions, and appropriate verbal expressions for algebraic expressions.
In addition, students remembered the concept of variable (unknown), and rearranged algebraic expressions by
using the four basic mathematical operations on terms. However, all students forgot that a constant is also a
coefficient. Furthermore, it was observed that some students ignored the “-” and “+” signs in front of the terms
while identifying terms. In her research on learning algebra, Giirsoy (2019) observed that students had difficulty
identifying the terms and coefficients of algebraic expressions, and they ignored the signs while identifying the
terms and coefficients. She adds that she couldn’t find any other way than constantly repeating the definitions of
variable, term, coefficient and constant during class in order to resolve this issue. Since students face such
difficulties while using mathematical symbols, it can be suggested that teachers endeavor to make students
conceptually understand symbolic expressions in mathematics classes. In the elaboration phase of the learning
outcome “Students can paraphrase algebraic expressions” and the evaluation phases of these two learning
outcomes, it was observed that students were able to show the concepts of term, coefficient and constant given in
different questions of the worksheet as well. Also, they didn’t forget about the signs of the terms and were able
to paraphrase algebraic expressions by doing arithmetical operations between terms with letters. Similarly,
Giirsoy (2019) states that it would be helpful for students to be reminded about their prior knowledge about
operations with integers, which students should have, before starting the subject of algebraic expressions because
this would help them do operations with algebraic expression. Therefore, it is recommended that teachers use
activities that renew and complete students’ prior knowledge because this contributes to students’ procedural and
conceptual understanding of a certain subject.

In the learning outcome “Students can multiply algebraic expressions”, which is another prerequisite learning
outcome, it was observed that students conceptually interpreted the distributive property over addition and
subtraction through modeling. Through the activity that involved modeling with algebra tiles and was included
in the syllabus, it was observed that students conceptually understood the concept of factor by using what they
had learned in the subject of factors and multiplication. Sar1 (2012) states that after a conceptual learning period
supported by metacognition, students might think about the solutions of similar questions that require the use of
procedural knowledge through their metacognitive ability and correct their procedural mistakes while solving
questions, and adds that teaching algebra in a way that supports conceptual understanding may contribute to the
success in gaining and using procedural knowledge. Thus, it was observed that doing activities or solving
questions that were concept and process-based instead of knowledge-based ones was more effective in learning
the subjects conceptually. As a result, it is recommended that teacher utilize activities that support conceptual
understanding in their classes.

There were students who couldn’t interpret the results of the multiplications of the similar forms of the
algebraic expression (x - 2).(x + 3) which involved negative terms, and they did the multiplications through the
models they made. It was noticed that procedural knowledge of these students for multiplying algebraic
expressions was complete. However, they couldn’t relate the results they found with the models they made,
which meant that their conceptual understanding was not complete. A similar situation was observed in the study
of Birgin and Giirbiiz (2009) where they deduced that secondary school students were more successful in
problems that assessed procedural knowledge than the ones that assessed conceptual knowledge. On the other
hand, in the research she carried out based on the modeling method, Yazir (2015) inferred that activities
involving models developed conceptual and procedural knowledge. Therefore, it is recommended that teachers
use more activities with models, utilize more visuals or use more materials during the in-class activities when
they teach the learning outcomes aiming to achieve conceptual understanding.

In the learning outcome “Students can factor algebraic expressions through the grouping method”, students
modeled the expressions “3x + 6” and “x* + 3x” by forming rectangles with algebra tiles, and wrote the algebraic
expressions as multiplication of the two sides of the rectangle. Eventually, it was observed that they conceptually
understood how to interpret factoring algebraic expressions on the basis of modeling. Furthermore, while
factoring the same algebraic expression, the given examples consisted of natural numbers in order to support
procedural understanding, and the focus was on the common divisors of these numbers. Thus, students explored
the way algebraic expressions are factored. Similarly, Baykul (2014) argues that teachers should remind the
concepts of factor and factoring, and begin with activities involving natural numbers when they start teaching the
subject of factoring algebraic expressions since they had focused on the concept of factor when they had taught
the subject of factors and multiplication. As a result, mathematics teachers can be suggested that they utilize
more practices where conceptual and procedural understanding are supported and where students relate subjects
of mathematics in order to provide a more useful learning.

In the phase where the learning outcomes “Students can multiply algebraic expressions.” and “Students can
factor algebraic expressions through the grouping method.” were evaluated together, questions that assessed
conceptual and procedural understanding were given together. It was observed that students formed the models
in the correct way and were able to interpret the given models. Also, they correctly answered the questions by
using their procedural skills on different models. This is parallel to the results given in the study of Rittle-
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Johnson and Koedinger (2009) which was that teaching classes in a way that conceptual and procedural
learnings are iterated facilitated gaining procedural skills and supported conceptual learning.

In the second stage, conceptual and procedural understanding processes of students while learning the
subjects of identities and factoring were examined, and this was the main goal of the study. Thus, according to
the results produced by Syllabus 3, students were able to find the algebraic expressions that were proven to be
equal by giving different values to the letters in terms of understanding the concept of identity. Also, they
conceptually discovered the difference between their answers and the concept of identity as well as between an
equation and an identity. As a result, it was observed that procedural knowledge supported the formation of
conceptual knowledge. This result is parallel to the conclusion of Baki and Kartal (2004) which was that
mathematical learning of students became more effective and permanent when the relations between
mathematical concepts were emphasized during classes on these concepts. Furthermore, all students participated
in the activity thanks to the Q&A method, and they were encouraged to contemplate the difference between the
concepts of equation and identity. Thus, students gained understanding of these concepts although they hadn’t
heard of them until then. As a result, it is recommended that teachers use different methods of teaching and
encourage students to give their own explanations in order to teach the subject effectively. It is also suggested
that teachers choose practices that attract students before starting to teach the subject.

In the subjects of the square of sum or difference of two terms, difference of two squares and factoring these
expressions, students were able to find the expansions of these identities by associating them with geometrical
shapes and relations through algebra tiles and by generalizing numerical relations through letters in different
phases of 5E learning cycle. Thus, they experienced the formation of the knowledge about the subject
conceptually and procedurally. Similarly, Akin and Pesen (2010) state that using concrete materials while
teaching identities is effective in making students experience active learning and making their knowledge more
permanent. Moreover, in her study, Caylan (2018) argues that using discovery learning and its methods in
teaching algebraic concepts positively affects learning in secondary school. Therefore, while teaching identities,
teachers may develop different teaching methods such as using concrete materials like algebra tiles that students
can form by themselves and making models that contribute to conceptual learning.

Because geometrical shapes and formulas that have a significant role in the subject field of algebra contribute
to conceptual understanding of students and help them do operations and learn formulas, teachers are
recommended to use these in algebra classes. Furthermore, students were able to factor the similar forms of the
expression a? + 2ab + b? and of difference of two squares through mathematical operations, formulas and rules.
Thus, they also achieved procedural understanding. Baki and Kartal (2004) and Rittle- Johnson and Alibali
(1999) argue that in terms of gaining conceptual and procedural knowledge, the development of conceptual
knowledge facilitates the formation of procedural knowledge. As a result, for the permanence of the learning
outcome, mathematics teachers are recommended to teach the conceptual and procedural aspects of the learning
outcome in a way that these support each other and are balanced. Mathematics teachers are also recommended
that they allow students to discover the rules and formulas on identities and factoring them by showing the
proofs of these instead of directly giving these to students and telling them to memorize them.

It was observed that some students disregarded the coefficients while squaring the terms of the expression
(2a + 3)%. However, these students realized their mistakes once they were given clues, and corrected these by
themselves. After this, most students were careful about the coefficients of the terms in the question requiring to
factor algebraic expressions with three terms, and they were able to factor these algebraic expressions by
correctly using their procedural knowledge. Sahiner (2018) inferred that 8" grade students made mistakes in
algebra questions involving parentheses, and had difficulty applying the rules of arithmetic operations to
algebraic expressions. This result is similar to the aforementioned one.

While working with algebra tiles to model the algebraic expression x* - 4x + 4, students of lower levels of
success disregarded the fact that multiplication of the side lengths of the square should be equal to the sum of the
areas of the pieces used to form the square. This shows that conceptual understanding was not sufficient to find
the square of the difference of two terms by modeling. Similarly, Soylu and Soylu (2006) found that students had
difficulty learning concepts which required them to use their procedural and conceptual knowledge together. In
order to eliminate this problem, students were first asked to model the algebraic expression x* - 6x + 9. After
some explanations and clues were given, it was seen that they didn’t do the same mistake in this question, and
they formed the correct square model by using the correct algebra tiles. Finally, they factored the given algebraic
expression by determining the side lengths of the square they formed. This is supported by the deduction of Ozer
and San (2013) which was that activities supported by visual materials during classes on identities enhanced the
success of students approximately sixty percent. On the other hand, Rittle-Johnson and Koedinger (2009) argue
that an iterative process of conceptual and procedural understanding in teaching modeling makes concepts and
procedures easier to learn. In this respect, the number of further activities involving conceptual and procedural
knowledge together should be increased in mathematics classes, and subjects should be taught in a way that
these two types of knowledge are balanced.
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In the evaluation phase which involved the complete subjects of identities and factoring and was the last
phase of the 5E learning cycle, students were able to conceptually distinguish between the concepts of identity
and equation. They were able to explain what an identity is, the difference between an identity and an equation,
and what the variables of an equation stand for. Also, they wrote the expansions of the algebraic expressions
which were identities by using their procedural knowledge, and determined the equalities that weren’t identities.
Thus, it is deduced that in mathematics classes, emphasizing not only what a concept is and its definition but
also the relations between concepts makes mathematical concepts more permanent in students’ minds. As a
result, mathematics teachers are recommended to focus on the relations between concepts while teaching.

Because of the unknown coefficient in the algebraic expression a* - #a + 361, it was observed that students of
low level of success couldn’t completely achieve procedural understanding of the subject of the square of the
difference of two terms and factoring it. The reason for this could have been that either students couldn’t
remember the expansions of the identities and methods of factoring them or they couldn’t comprehend how to
apply their knowledge in a different question. This is parallel to the result given in the study of Sahiner (2018)
which was that in the subject of identities, either students did mistakes especially while doing the four basic
operations or they couldn’t use the algebraic identity which was the one asked for. This is also supported by the
result given in the study of Celik and Giines (2013) which was that most 7" and 8" grade students had difficulty
using the information that symbols with letters were numbers, unknowns and variables. Therefore, mathematics
teachers are recommended that they enable students to see problems in different structures and enable them to
use their knowledge in different situations while teaching the subjects of identities and factoring.

In a question that assessed both conceptual and procedural understanding, student S5 wrote a different
algebraic expression for the given verbal expression, and couldn’t factor this expression. This is similar to the
conclusion of Birgin and Giirbiiz (2009) which was that secondary school students were more successful in
questions that assessed procedural knowledge. However, in the question requiring to factor the given algebraic
expression through procedural knowledge, the reason why students S7, S8, S13, S18 couldn’t use the rule of
difference of two squares in different questions may have been that they hadn’t done activities which would have
strengthened their procedural knowledge. It appears that mathematics teachers should find the most effective
ways of enabling students to experience algebraic thinking and to reason. Thus, mathematics teachers are
recommended that they utilize different types of questions that require algebraic thinking as much as possible. In
the last question of the evaluation phase, students were asked to draw models of algebraic expressions, which
were designed for conceptual understanding, by using algebra tiles. Students S2 and S5, whose levels of success
are high and medium, first used their procedural knowledge and didn’t directly use their conceptual knowledge.
Thus, it is deduced that procedural understanding was prioritized with respect to conceptual learning. This is
parallel to the result given in the study of Sar1 (2012) which was that procedural knowledge points of 7™ grade
students were significantly higher than their conceptual knowledge points at the end of the teaching period which
was conducted through metacognitive strategies in terms of these students’ conceptual and procedural
knowledge development in the subjects of algebraic expressions and equations. Similarly, in their research, Baki
and Kartal (2004) deduced that most students experienced a type of mathematical learning in which procedural
knowledge was prioritized with respect to conceptual knowledge during the formation of these students’
algebraic knowledge. As a result, it is recommended that the number of resources to guide teachers in conceptual
teaching is increased in order to enhance conceptual understanding of students to the point that it reaches their
level of procedural success.

While modeling the identity (2x - 1)?, some students whose levels of success in mathematics were medium
and low couldn’t relate their knowledge in geometry to the subject of identities. In addition, reasoning skills of
these students weren’t sufficient, and their procedural knowledge was more enhanced than their conceptual
understanding. Similarly, in her study, Ulas (2015) inferred that students whose levels of success were low
weren’t able to correctly do operations with algebraic expression by using the area of a rectangle. Likewise, in
terms of the learning outcome about being able to explain identities through models, Diindar (2012) found that
students had difficulty relating their algebraic and geometrical knowledge on geometrical shapes, and the
primary reason why they couldn’t find the relation between the side length of the shape they formed and its area
while finding the expansions of identities was that they didn’t understand that the found area should have been
the same at the end of both procedures. Therefore, it could be a more suitable method to teach students about the
structure of identities involving subtraction in terms of algebra before making models for these identities. After
that, students can model by discovering the relation between these identities and geometry. Finally, it is inferred
that students couldn’t relate the model with the algebraic expression given in the question, and they couldn’t
utilize their past experience while solving similar questions. Consequently, it is recommended that learning
environments in which teachers closely know their students’ needs and methods of learning are provided. These
environments should be designed in a way that students are more active in their own learning experience, and
they evaluate, question and interpret their own solutions. Providing such environments can enable students to
achieve conceptual and procedural understanding together and in a way that these two support each other.
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Sekizinci Simf Ogrencilerinin Ozdeslikler ve Carpanlara Ayirma Konusuna Yénelik
Kavramsal ve Islemsel Anlama Siireclerinin Incelenmesi

1. Giris

Cagimizin egitim anlayisi, 6grencinin bilgi diizeyini 6lgmekten ¢ok, bilginin 6grenci i¢in anlamli ve hayata
gegirilebilir olmasina dayanmaktadir. Yenilik¢i egitim ortamlarinda, 6grencilerin sadece 6grenen roliinde degil,
yorumlama ve sorgulama yapma, analiz etme siirecine dahil oldugu ve kendi kendine 6grenebilecekleri ortamlar
On plana ¢ikmaktadir. Yenilenmis 6gretim programinda (MEB, 2009) yapilan degisiklikle 6grenci merkezli ve
sadece islemsel bilgiyi degil ayn1 zamanda kavramsal bilgiyi de 6n plana ¢ikaran bir yap1 6n plana ¢ikarimustir.
Bu bakis acist ile 6grencilerin konulart ezbere dgrenmelerinin dniine gecilerek, derinlemesine anlamalarina
olanak saglanmasi gerekmektedir. Bu becerinin kazamiminda ve yasama geg¢irilmesinde gerekli olan kavramsal
bilgi ve islemsel bilgi, Hiebert ve Lefevre (1986) tarafindan ortaya koyulmus, arastirmacilar ve gretmenlerce en
temel bilgi tiirli olarak kabul edilmistir. Boylelikle kavramsal ve islemsel bilgi, egitim alaninda yapilan en
onemli aragtirma konularindan biri olarak da 6n plana ¢ikmuistir.

1.1. Kavramsal ve islemsel Bilgi

Kavram ve islem bilgisi arasinda anlamli bir iliski kurularak bir konu biitiinliyle 6grenilebilir (Delice ve
Sevimli, 2010). Matematikte yeterlilik ancak bu sekilde saglanabilir. Bu baglamda matematiksel bir bilginin
nitelikli hale gelebilmesini saglamak i¢in kavramsal bilgi ve islemsel bilgi olmak iizere iki yoniinden
desteklenmesi gerekmektedir. Kavramsal ve islemsel bilgi bir devamlilik {izerine kuruludur ve her zaman
birbirinden ayrilamaz (Rittle-Johnson, Siegler ve Alibali, 2001). Bu yinelemeli goriis, kavramsal ve islemsel
bilgi arasindaki iki yonli iliskinin, zaman iginde, karsilikli bir etkilesime girerek birbirini destekledigini
ongormektedir (Rittle-Johnson ve Schneider, 2015). Bu baglamda 6grencilerin sahip oldugu matematiksel
bilgilerini, hem kavramsal hem de islemsel bilgi yoniinden dengelemek olduk¢a oOnemlidir. Sekil 1°de
ogrencilerde kavramsal ve islemsel bilginin gelisimini gdsteren “yinelemeli model” gosterilmektedir.

~ N

Problemin temsili

Kavramsal ’ \ islemsel
Bilgi Bilgi

Sekil 1. Kavramsal ve islemsel bilgi gelisimi i¢in yinelemeli model (Rittle-Johnson, Siegler ve Alibali, 2001, s.
347)

Sekil 1’e gore, kavramsal bilgide gerceklesen bir ilerleme, islemsel bilgiyi olumlu anlamda etkilerken,
islemsel bilgide gergeklesen bir artig da kavramsal bilgide gelisim saglamaktadir. Sekil 2°de ise kavramsal ve
islemsel bilginin 6grencinin zihinsel siireglerindeki etkilesimini gostermektedir.

Kavramsal Bilgi ﬁ islemsel Bilgi Uzun siireli bellek

~

Akilyiiritme, Dénistiirme, Uygulama vs Calisan bellek
incelemek, Problem cézmek, Agiklamak, Ogrencinin
Deneyimlemek vs davramslan

!

ise yarayan rnekler, karsilastrma yapma istegi,
kendini ifade etme istegi, konularin dizenlenmesi

Orenme ortami

Sekil 2. Kavramsal ve islemsel bilgi arasindaki iliskilerin bilesenleri (Rittle-Johnson ve Schneider, 2015, s.
1128).
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Sekil 2’de goriildiigii gibi bellek, 6grenmenin 6nemli bir bileseni ve bellekte gerceklesen beceriler de kavram
ve islem bilgisinin olusum siirecindeki baglantili yapisini gostermektedir. Bu bilesenlerin olusumu zincirleme
seklinde bir sistemle ilerlemekte ve nihayetinde bilgi 6grencinin uzun siireli hafizasinda ‘nedenini’ ve ‘nasilint’
bilerek yapilanmaktadir. Bu baglamda matematiksel bir bilginin nitelikli hale gelebilmesini saglamak igin
kavramsal bilgi ve islemsel bilgi olmak {izere iki yoniinden desteklenmesi gerekmektedir. Rittle-Johnson ve
Siegler (1998), d6grencilerin matematiksel kavramlari anlama ve islemleri uygulama yetenekleri arasinda pozitif
bir iligki oldugu sonucuna varmiglardir. Bu baglamda matematik 6grenimi, kavramsal ve islemsel anlamanin
karsilikli bir etkilesim halinde olmasmin 6nemi goriilmektedir. Dolayisiyla hem kavramsal hem de islemsel
bilginin bir arada yiiriitildiigi bir 6gretim daha etkili ve anlamli olacaktir.

Matematigin en temel 6grenme alanlarindan olan cebir 6grenme alani, icerdigi kazanimlar ve 6grenme
hedefleri gbz oniinde alindiginda hem kavramsal hem de iglemsel anlamanin bir arada yiiriitiilerek islenmesi
gereken bir alan oldugu sdylenebilir.

1.2. Cebir Ogrenme Alam

Baki (2015), cebir 6grenme alaninin amacini, sembol ve grafiklerin kullanildig1 gésterimleri anlamlandirma,
sembol ve grafikleri kullanarak sonuca varma ve iliskiler elde etme, bu sonuclar1 ve iligkileri de yine sembol ve
grafikler ile ifade etme olarak 6zetlemistir. Bu agiklamaya paralel olarak Usiskin’e (1988) gore cebir, belirli
problemleri ¢ozmek icin bir ara¢ olmasmin yaninda, iligkilerin tanimlanmasi ve analiz edilmesi, matematiksel
yapilarin siniflandirilmasi ve anlasilmasinin bir anahtaridir. Buna bagl olarak sadece bir matematik konusu
olarak degil, bir disiinme bigcimi olarak da yasamin her alaninda kendini gosteren cebir konusunun
anlasilmasinda, bu iki bilgi tiirliniin bir arada ise kosulmas1 6grencilerin gelecekteki cebir deneyimleri i¢in bir
temel olusturmaktadir. Cebirsel ifadeler konusu, ortaokul matematik dersi 6gretim programinda genis bir zaman
ayrilan, matematikte soyutlagtirmaya gecis yapilan ve bundan sonraki tiim 6gretim asamalarinda derinleserek yer
almaya devam eden matematigin en dnemli konularindan biridir.

Ortaokul Matematik Dersi Ogretim Programu; Sayilar ve Islemler, Cebir, Geometri ve Olgme, Veri isleme ve
Olasilik olmak iizere bes 6grenme alanindan olugmaktadir. Cebir 6grenme alani ile ilgili kazanimlar ilk olarak 6.
siifta yer almaya basglar. 6. siifta 6grencilerden say1 oriintiileri kullanilarak istenilen terimi bulmalari, degisken
ve cebirsel ifadeleri anlamlandirmalari, cebirsel ifadeler ile toplama ve ¢ikarma islemlerini yapmalar1 ve bir
dogal say1 ile bir cebirsel ifadeyi ¢arpmalar1 hedeflenmektedir. 7. simifta 6grencilerin esitlik ve denklem
kavramini anlamalart ve birinci dereceden bir bilinmeyenli denklemleri ve ilgili problemleri ¢dzmeleri
hedeflenmektedir. 8. smifta ise 6grencilerin denklem ve 6zdeslik anlamlandirarak, cebirsel ifadeleri g¢arpanlara
ayrrmalar1 beklenmektedir. Bunun yaninda iki degisken arasindaki dogrusal iliskinin incelenmesi, denklem
¢ozlimleri ve bir bilinmeyenli esitsizliklerin incelenmesi yer almaktadir (MEB, 2013). Matematik 6gretim
programindan da goriildiigii gibi 6grenciler 6zdeslikler kavrami ve carpanlara ayirma konusu ile ilk defa 8.
sinifta karsilagsmaktadir.

8. smuftaki 6zdeslikler konusuna yonelik kullanilan bagmtilar, formiiller ve uygulamalar esasen gercek
yasamla cok ilintili degildir. Bunun yaninda &zdeslikler konusuna yonelik formiilleri ezberleterek yiirtitiilen
derslerde, 6grenciler kavramsal anlamadan uzak bir 6grenmeye sahip olurlar. Diger taraftan matematik dersi
Ogretim programinda (2018), yeni bir kavramin 6gretiminde ve yapilacak olan degerlendirmelerde miimkiin
oldugu 6lgiide somut materyaller ve cesitli modellemeler kullanilmas1 gerektigi belirtilmistir. Ozdesliklerin de
kavramsal olarak anlagilmasi modelleme yoluyla cebir ve geometri arasindaki iligkiyi 6n plana ¢ikararak, bu iki
farkli 6grenme alanini bir biitiin olarak ele alarak gerceklestirilebilir. Yine matematik 0gretim programinda
(2018), cebir Ogrenme alanina ait kazanimlar islenirken yeri geldiginde diger O6grenme alanlarindaki
kazanimlarla iliskilendirilme yapilmasi gerektigi vurgulanmistir. Bu baglamda, cebir 6grenme alaninin
somutlagtirarak anlamlandirilmasi, hem matematik G6gretiminin amaclarindan biri olan matematik okur-
yazarhiginin hem de cebirsel diistinme becerisinin kazandirilmasinda dnemli bir yer tutmaktadir.

Somut materyallerin kullanildig1 etkinliklerde O6grencilerin cebir karolar1 ile 6zdeslikleri modellemesi,
bagintilar1 geometrik olarak yorumlamasi; bilgiyi aktif bir 6grenme ortaminda olusturmasini saglayacaktir. Bu
durum da yapilandirmaci 6grenme yaklagimmin en temel bilesenlerindendir. Yapilandirmaci 6grenme
yaklasiminda da egitim programinin merkezinde o6grenci vardir, dgrenme hedefleri iist diizey becerilere
yoneliktir ve siirece dayal1 bir 6grenme planlanir, 6grenme icerigi ise 6grencilerin ilgileri ile ve gercek yasamla
iliskili olmalidir, hem 6grenme ve 6gretme hem de degerlendirme etkinlikleri ise 6grencilerle birlikte sekillenir,
uygulanir ve degerlendirilir (Kog, 2002). Yapilandirmaci yaklasgim ile en uyumlu 6grenme modellerinden olan
5E Ogrenme modeli de bu egitim ortamlar1 i¢in uygulanacak en etkili modellerden biridir.

SE modelinde 6grenciler 6n bilgileri ile yeni kavramlar1 kesfeder ve bu yeni kavramlar ile 6n bilgilerini
iliskilendirir. Ogretim sirasinda uygulanan &grenme-dgretme etkinlikleri ile ogrenciler yeni kavramlari
derinlemesine anlamay1 ve belirli bir problem durumuna iliskin 6grenmelerini kendileri olustururlar. Dolayisiyla
5E Ogrenme Modeli dersi asamali olarak planlayan bir grenme yaklasimidir (Kaymakei, 2015). SE Ogrenme
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Modeli bir déngii seklindedir. Ismini her bir asamanim bas harfinden almistir. Bu basamaklar; giris (Engage),
kesfetme (Explore), agiklama (Explain), derinlestirme (Elaborate), degerlendirme (Evaluate) seklindedir (Demir,
2018).

Son yillarda ortaokul dgrencilerine yonelik, cebir 6grenme alani ile ilgili gesitli aragtirmalar yapilmis ve
halen yapilmaktadir. Bu aragtirmalardan elde edilen sonuglardan, &gretim programlarinda cebir 6gretimi
konusunda ¢esitli diizenlemeler yapilmasina ragmen, dgrencilerin cebir 6grenme alaninda zorlandiklari, cebirsel
ifadeyi yanlis anlamlandirma, cebirsel iligkileri kuramama, degisken kavramini anlamlandiramama ve
Ozdeslikleri olusturamama gibi temel zorluklar yasadiklari ve buna bagli olarak kavram yanilgilarinin oldugu
belirlenmistir (Erdem ve Aktas, 2018; Macgregor ve Stacey, 1997; Ovez ve Cmar, 2018; Sahiner, 2018; Simsek,
2018; Ulas, 2015; Yildiz, Cift¢i, Akar ve Sezer, 2015). Diger taraftan, yapilan calismalarda 6grenciler, cebirsel
ifadeler ve 6zdeslikler iizerinde gerekli kurallar1 ve formiilleri uygulayarak islemsel becerilerin gerceklestigini;
ancak Ogrencilerin bu islemleri kavramsal agidan ifade edemedikleri belirtilmistir (Baki ve Kartal, 2004;
Bekdemir, Okur ve Gelen, 2010; Karaaslan ve Ay, 2017; Sari, 2012). Bununla birlikte, kavramsal ve islemsel
bilginin bir arada desteklenerek yiiriitiilen 6grenme ortamlarinda, arastirmacilar 6grencilerin istenen hedefleri
basarili bir sekilde tamamladiklarini ve kalic1 bir 6grenmenin gergeklesmis oldugunu belirtmektedirler (Delice
ve Sevimli, 2010; Orhan, 2013; Ormeci, 2012; Rittle-Johnson, Siegler ve Alibali, 2001; Rittle-Johnson ve
Koedinger 2009; Tastepe, 2018; Yazir, 2015).

Kavramsal ve islemsel anlamanmn bir arada yapilandigi 6grenmeler sonucunda, 6grencilerin cebir basarisi
iizerindeki etkisini arastirmak, gelecekteki matematik basarisi i¢in bu basarmim giicii hakkinda bilgi saglayabilir.
Bu calisma, 6zdeslikler ve garpanlara ayirma konusunun dgretiminde, SE dgretim modeline uygun yapilan
derslerin, sekizinci smif Ogrencilerinin kavramsal ve islemsel anlamalarinin nasil olustugunu agiklarken,
matematik Ogretmenlerine 0grencilerin ihtiyaglarma yonelik cebir derslerinde uygulayabilecekleri etkinlikler
sunmaktadir.

Bu aragtirmanin amaci; sekizinci smif 6grencilerinin 6zdeslikler ve ¢arpanlara ayirma konusuna yonelik
kavramsal ve islemsel anlama siireg¢lerini, SE Ogretim modeline dayali bir 6gretim deneyi araciligiyla
incelemektir.

Bu amagla, ““Ogrenciler, dzdeslikler ve carpanlara ayirma konusunda kavramsal ve islemsel anlamayi
gerceklestirmek icin on bilgiye sahip midir?”’ ve ‘‘Ozdeslikler ve garpanlara ayirma konusunun SE &gretim
modeli ile 6gretiminde G6grencilerin kavramsal ve islemsel anlama siiregleri nasildir?’’ sorularina cevap
aranacaktir.

2. Yontem

Sekizinci sinif 6grencilerinin 6zdeslikler ve g¢arpanlara ayrma konusuna yonelik kavramsal ve islemsel
anlama stireclerini derinlemesine ve ayrintili bir sekilde inceleyebilmek icin siirece dayali bir yaklasim
kullanilmast gerekmektedir. Bu baglamda arastrmanin amacma uygun olarak Ogretim deneyi yOontemi
kullanilmistir. Steffe ve Thompson (2000), 6gretim deneyi (teaching experiment), arastirmacilarin faaliyetlerini
organize ederken kullandiklar1 kavramsal bir ara¢ ve Ogrencilerin matematiksel etkinligini arastrmak ve
aciklamak igin tasarlanmig yasayan bir arastirma yontemi oldugunu belirtmiglerdir. Calismada 6gretim deneyini
kullanmanin 6ncelikli amaci, 6grencilerin matematigi 6grenme yollarin1 ve muhakeme yapabilme becerilerini
deneyimleyerek, 6grencilerin olusturduklari matematiksel kavramlarin ve islemlerin anlasilmasi saglamaktir
(Steffe ve Thompson, 2000). Bunun yaninda 6gretim deneyi yontemi, gelisimsel bir aragtirma baglaminda ti¢
merkezi yonil, 6gretimin tasarimi ve planlamasi, smif i¢inde etkinliklerin uygulamasi ve &gretim deneyi
stiresince elde edilen tiim verilerin geriye doniik analizi olarak ifade edilebilir (Cobb, 2000).

Bir 6gretim deneyinin yiiriitiilmesindeki en temel konu, 6gretim deneyi siiresince gergeklesen eylemler ve
etkilesimlerin, arastirmaciya nasil davranilacagina ve beklenmedik bir durumda nasil sorular sorulacagina dair
noktalar1 ortaya c¢ikarmasini saglamasidir (Steffe ve Thompson, 2000). Bu baglamda &gretim deneyinde
dgretmene (arastirmactya) onemli rol diiser. Ogretim deneylerinde &gretmenler, sinifin sosyal baglaminda
hareket eder ve Ogrencilerle etkilesimde bulunarak Ggrencilerin matematiksel gelisimlerini desteklemede son
derece etkilidir (Cobb, 2000). Arastirmacilarin amaci, 6grencilerle duyarli ve sezgisel bir sekilde etkilesime
girerek, Ogrencilerin akil yiiriitme becerilerini incelemektir (Steffe ve Thompson, 2000). Arastirmacilar,
ogrencilerin sdylediklerinin ve eylemlerinin altinda yatan anlami siirekli olarak ifade etmelidir, bdylelikle
ogretim deneyi ilerledikge, arastirmacilar 6grencilerin rehberliginde daha deneyimli hale gelir (Steffe ve
Thompson, 2000).

Caligmada da siire¢ igerisinde edinilen verileri degerlendirerek ve yorumlayarak, 6grencilerin 6zdeslikler ve
garpanlara ayrrma konusuna yonelik kavramsal ve islemsel bilgilerini ve diisiinme bigimlerinin derinlemesine
incelenmesi hedeflenmis olup Ogrencilerin &grenme siireclerini iyilestirmek amaciyla tasarlanan, ders
planlamalarinin uygulanmasini saglayan bir yontem olan dgretim deneyi yontemi kullanilmistir.
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2.1. Katihmcilar

Calisma grubu 2017-2018 egitim dgretim yilinda, Istanbul ilinde bulunan bir ortaokulda, sekizinci smifta
Ogrenim goren 20 Ogrenciden olusmaktadir. Bu grubun se¢ilmesinin nedeni, arastirma i¢in hedeflenen
kazanimlarin 6gretim programinda bu smif diizeyinde olmasi, dgrencilerin akademik basar1 agisindan heterojen
olmasi ve en dnemlisi de aragtirmacinin besinci siiftan bu yana 6grencilerin matematik derslerini yiiriittiigii i¢in,
ogrencilerin cebir 6grenme alanindaki yasadiklar1 zorluklar1 gézlemlemis ve deneyimlemis olmasidir.

Aragtrmanm bulgular béliimiinde, ¢alisma grubunun gizliligi agisindan her 6grenci numaralandirilmisg,
ogrencilerin basar1 diizeyleri 5, 6, 7. siniflardaki matematik dersi notlarina dayanarak hesaplanmis ve belirlenen
kodlar esliginde Tablo 1’de belirtilmistir.

Tablol. Basar1 Diizeylerine Gore Ogrenci Kodlar1

Basan Seviyeleri Ogrenci Kodlar

Yiiksek Basar1 Diizeyi 01, 02, 03, 010, 012, 015

Orta Basar1 Diizey 03, 06, 07,09, 013, 014, O16, 019, 020
Diisiik Bagar1 Diizeyi 04, 08, 011,017,018

Tablo 1’deki gibi 6grencilerin basar1 durumlar1 heterojen bir sekilde dagilmis oldugu goriilmektedir.
2.2. Veri Toplama Araglari

Arastirma siirecinde kullanilan arastirmacmin gézlem notlar1 ve giinliikleri, hazirbulunusluk testi ve ders
planlarinda yer alan etkinlik kagitlar1 ve ¢alisma yapraklar1 kullanilmistir.

Hazirbulunusluk testi, sekizinci smif Ogretim programinda yer alan cebirsel ifadeler, 6zdeslikler ve
carpanlara ayrma konusunun Ogrenimi i¢in &grencilerin on bilgilerini gormek ve &grencilerin eksiklikleri
dogrultusunda 5E modeline uygun ders planlar1 gelistirmek amaciyla, 6. ve 7. sinif ortaokul matematik 6gretim
programinda yer alan cebir 6grenme alanindaki kazanimlar dikkate alinarak hazirlanmistir. Sorular konu ile ilgili
temel kavramlar ve bu kavramlari uygulamaya yonelik; 6grencilerin kavramsal ve iglemsel bilgi ve becerilerini
Olcecek niteliktedir. Testin gecerliginin saglanmasi agisindan sorular ders kitaplari, konu ile ilgili kitaplar, soru
bankalar1 ve arastirmacinin deneyimleri dogrultusunda hazirlanmig, hazirlanan sorular alan uzmani ve bir
matematik 6gretmeni tarafindan kontrol edilmistir. Testin giivenirliginin saglanmasi agisindan, 6nce testin pilot
uygulamasi yapilmis, sorular kontrol edilmis ve igerisindeki anlama hatasi, madde yapilarinda eksiklik vb.
gbzlenen sorularda diizenlemeler yapilmis ve test yenilenmistir. 6. sinif cebirsel ifadeler konusunun ilk kazanimi
olan ‘Sozel olarak verilen bir duruma uygun cebirsel ifade ve verilen bir cebirsel ifadeye uygun sdzel bir durum
yazar’ kazanimindan 5 tane kavramsal, ‘Cebirsel ifadenin degerini, degiskenin alacagi farkli dogal say1 degerleri
icin hesaplar’ kazaniminda bir tane iglemsel ve ‘Basit cebirsel ifadelerin anlamini ag¢iklar’ kazaniminda bir tane
kavramsal soru, 7. smifin ilk kazanimlarindan olan ‘Cebirsel ifadelerle toplama ve ¢ikarma islemleri yapar’
kazaniminda 2 kavramsal bir tane islemsel, ‘Bir dogal say1 ile bir cebirsel ifadeyi ¢arpar’, ‘Say1 oriintiilerinin
kuralin1 harfle ifade eder, kurali harfle ifade edilen oriintiiniin istenilen terimini bulur’ ve ‘Esitligin korunumu
ilkesini anlar’ kazanimindan birer tane kavramsal ve islemsel olmak tizere 16 adet acgik uglu soru yer almaktadir.

Ogretim deneyinin 5E dgretim modeline uygun hazirlanan ders plam 1, ‘Basit cebirsel ifadeleri anlar ve
farkli bigimlerde yazar’ kazanimlarini, ders plami 2, ‘Cebirsel ifadelerin ¢arpimini yapar ve ortak ¢arpan
parantezine alma yontemi ile cebirsel ifadeleri ¢arpanlarina ayirir’ kazanimlarmi ve ders plani 3 ise ‘Ozdeslikleri
modellerle agiklar ve ¢arpanlarmna ayirir’ kazanimlarini igerecek sekilde hazirlanmistir. Yine hazirlanan bu ders
planlari pilot ¢alismasi yapilmis, tespit edilen eksiklikler dogrultusunda ders planlarindaki etkinlikler ve ¢aligma
yapraklarindaki sorular diizenlenerek yenilenmistir. Ancak 6gretim deneyinin dogasi geregi, uygulama siiresince
gozlemlenen durumlardan dolay1 ders planlarinda degisiklik yapilmasi olasiligi her zaman 6n planda tutulmustur.
Ders planlarin icerisindeki etkinlik kagitlar1 ve ¢aligma yapraklar: 6grencilerin diisiinmelerini, sorgulamalarini,
yorumlama yapabilmelerini saglayarak, kazanimlar1 kavramsal ve iglemsel anlama boyutunda deneyimleyerek
yeni durumlara uygulayabilecekleri sorular1 ve etkinlikleri icermektedir. Sorular ve etkinlikler ¢esitli kaynaklar
incelenmis, konunun amaci ve aragtrma grubunun ihtiyaglari dikkate alinarak diizenlenmis, kavramsal ve
islemsel anlama ¢ercevesinde revize edilerek, alan egitimi uzmanlar1 tarafindan incelenmis ve pilot uygulamasi
yapilarak gegerlik ve giivenirlik saglanmistir.

2.3. Verilerin Analizi

Hazirbulunusluk testindeki sorular agik uglu oldugu igin, dgrencilerin ¢ézliimlerinde nasil bir yol izledigi,
hangi matematiksel bilgileri kullandiklari, yapilan islemler, ¢izimler, yorumlar ve vardiklar1 sonuglar
incelenerek; Ozdeslikler ve carpanlara aywrma konusunun kavramsal ve islemsel olarak anlagilmasini
saglayabilmeleri i¢in sahip olduklar1 6n bilgi durumlar1 belirlenmistir. Elde edilen verilerden ders plani 1 ve 2
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hazirlanmistir. Bu planlarda eksiklikleri giderilen 6grenciler icin 6zdeslikler ve carpanlara ayirma konusuna
yonelik ders plani 3 hazirlanmistir. Sonrasinda 6gretim deneyi siiresince gergeklesen uygulamalar sirasinda
yapilan gozlemler, dgrencilerin etkinlik kagitlari, ¢caligma yapraklar1 ve arastirmaci notlar1 ve giinliiklerinden
elde edilen veriler, kazanimlara dair 6grencilerin kavramsal ve iglemsel anlama durumlari gergevesinde betimsel
analize dayali bir sekilde derinlemesine incelenmistir.

Kavramsal ve iglemsel bilgi birbirinden ayirilmaz bir biitiin icerisinde gelisim gosterebileceginden, bu iki
bilgi tiirliniin arasindaki iliskiler ve kavramsal-islemsel anlamanin nasil bir degerlendirme yapilmasi gerektigi,
bulgularn yorumlanmasi ve analiz edilmesi acisindan olduk¢a 6nemlidir. islemsel bilgi belirli kural, formiil ve
algoritmalara dayanarak temel islemleri adim adim yapabilme ve 6nceki matematik bilgilerini bilgi diizeyinde
kullanabilme Olciitlerini icerirken; kavramsal bilgi, temel kavramlarin anlammi bilme ve 6rnek verebilme,
temsiller arasinda gecis yapabilme ve kavramlarin arasindaki baglari kurabilme, sorulara biitiinsel sekilde
yaklasarak yorumlayabilme ve verdigi cevaplar1 degerlendirebilmeyi igeren daha kapsamli ve ayrintili bir
degerlendirme yapmak gerekmektedir (Rittle-Johnson ve Schneider, 2015).

Bu baglamada bulgular tanimlanirken dgrencilerin etkinlikler sirasinda kavramsal anlama ve iglemsel bilgi-
becerilerini 6rneklendirmek amaciyla dogrudan 6grenci yanitlarna ve o sirada gergeklesen diyaloglara yer
verilmistir. Diyaloglar ders akisini1 bozmayacak sekilde, gdzlemci tarafindan notlar almarak kayit altma alinmus,
dersin hemen sonrasinda giinliikler tutularak ders esnasindaki gozlemler kaydedilmistir. Daha sonra ise elde
edilen bulgular, kavramsal ve iglemsel anlamanin nasil olustugu ve bunlar arasindaki iligkiler degerlendirilerek
yorumlanmustir.

2.4, Siirec

Ogretim deneyi, hazirbulunusluk testi ve ii¢ ayr1 ders planlar1 olmak {izere 12 ders saati siirmiistiir. Oncelikle
6. ve 7. smif ortaokul matematik 6gretim programinda yer alan cebir 6grenme alanindaki kazanimlar dikkate
alinarak olusturulan hazirbulunusluk testi bir ders saati siiresince uygulanan hazirbulunusluk testine verilen
yanitlardan ve alan yazin taramalar1 da incelendikten sonra, 6grencilerin eksiklikleri ve hatalar1 belirlenmis,
ogrencilerin konuya dair kavramsal ve igslemsel bilgileri hakkinda veriler toplanmustir. Elde edilen bu verilerden,
kavramsal ve islemsel anlamanin bir arada yiiriitiilecegi SE 6gretim modeline uygun ders planlarinin giris,
kesfetme, aciklama, derinlestirme ve degerlendirme asamalarinda uygulanacak olan etkinlikler ve c¢aligma
yapraklari hazirlanmistir. Hazirlanan etkinlikler, 6grencilerin konuyu 6ncelikle kavramsal olarak kesfetmelerini
saglayarak, olusturduklar1 bilgileri iglem becerileri ile harmanlamalarini1 amaglamaktadir. Calisma kagitlar1 ise
inga ettikleri kavramsal ve islemsel bilgileri yeni durumlarda nasil uyguladiklarmi goézlemlemeyi
amaclamaktadir. Cebirsel ifadeler, 6zdeslikler ve ¢arpanlara ayirma konusunun kazanimlarini igeren ii¢ tane ders
plan1 hazirlanmistir. Buna yonelik olarak ders planlarinda islenen kazanimlar ve kag ders saati siirdiigi Tablo
2’de gosterilmistir.

Tablo2. Ders Planlarinda islenen Kazanimlar ve Ders Saatleri

Ders Ders Plam 2 Ders Plam 3
Plam 1
Ortak
Basit carpan
cebirsel . parantezine - o . a*+2ab+b*  a?-2ab+b? a?-b?
ifadeleri Cebirsel alma Ozdeslikleri L0 iideki bigimindeki  bigimindeki
ifadelerin . .. modellerle : . ; . . .
Kazanim anlar ve yontemi ile ifadeleri ifadeleri ifadeleri
carpimini ; aciklar.
farkli anar cebirsel carpanlarma  ¢arpanlarina carpanlarina
bigimlerde yapar. ifadeleri ayirir. ayirir. ayirir.
yazar. carpanlara
ayirir.
Ders
saati 2 ders 1 ders 1 ders 2 ders 2 ders 2 ders 1 ders

Belirlenen ders planlar1 ve saatleri dogrultusunda, ‘Basit cebirsel ifadeleri anlar ve farkl bigimlerde yazar’
kazanimi i¢in hazirlanan Ders plani-1, Sekil 3’de verilmistir.
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Giris Basit cebirsel ifadeleri anlar
ve farkli bigimlerde yazar.

Kesfetme

C

Agiklama

< Derinlestirme
< Degerlendirme

Sekil 3. Ders Plani-1

Giris agamasinda 6grencilere ¢esitli sozel ifadelere yonelik cebirsel ifadelerin yazilmasi istenmistir. Burada
cebirsel ifadelerde kullanilan harflerin sayilar1 temsil ettigi ve yerine farkli sayilar koyuldugunda sonucun
degistigi ve bu harflerin bir degisken oldugu sezdirilmistir. Kesfetme asamasinda verilen cebirsel ifadeleri
diizenleyerek terim, katsayi, sabit terimini bulmalart istenmistir. Derinlestirme ve degerlendirme agsamalarinda
ise 6grencilerin basit cebirsel ifadeleri anlamlandirabilmesine ve verilen ifadeleri farkli bigimlerde yazabilmesine
yonelik sorular sorulmustur. Bu ders planinin pilot ¢alismasinda, derinlestirme ve degerlendirme etkinliginin
birbirini tekrar eden nitelikte oldugu goriilmiis ve diger ders planlarinda, zamandan da tasarruf edebilmek adina
degerlendirme asamasina gecmeden, ders plami igerisindeki tiim kazanimlar verildikten sonra ortak bir
degerlendirme yapilmasina uzman goriisii alinarak da karar verilmistir. Ders plani-2, Sekil 4°de verilmistir.

Giris Cebirsel ifadelerin

C ¢arpimini yapar.
Kesfetme

C Agiklama

C Derinlestirme

Ortak garpan parantezine

alma yontemi ile cebirsel
@ ifadeleri ¢arpanlara ayirir. ?

Kesfetme — Agiklama — Derinlestirme

U

Degerlendirme

Sekil 4. Ders Plani-2

Ders plani-2’nin giris asamasinda, 6grencilerden farkl diizlemsel sekillerin alanlarinin bulunmasi istenmistir.
Burada cebirsel ifadelerin garpimina ve ¢arpan kavramia dikkat ¢ekilmistir. Daha sonra ‘‘Cebirsel ifadelerin
carpimini yapar’’ kazanimmin kesfetme, aciklama ve derinlestirme c¢aligmalar ile devam edilmistir. Bu kismin
derinlestirme agamasi ayni zamanda, ‘‘Ortak ¢arpan parantezine alma yontemi ile cebirsel ifadeleri ¢arpanlara
ayrrir’’ kazaniminin kesfetme asamasi olarak uygulanarak, agiklama ve derinlestirme asamalarma devam
edilmistir. Kesfetme, agiklama ve derinlestirme asamalarinda cebir karolar1 kullanilarak gergeklestirilen
calismalarda 6grenciler agina olmadiklar: 6gretim materyalleri ile ¢alisarak, cebir karolarini daha yakindan
tanimuglardir. Daha sonra iki kazanima yonelik ortak olan bir degerlendirme ¢alismas1 uygulanmistir. Daha sonra
Ozdeslikler ve ¢arpanlara ayrma konularini igeren iigiincli ders planma gegilmistir. Ders plani-3, Sekil 5’de
gosterilmistir.
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GIRiS
(a+b)? dzdesligi (a-b)* ozdesligi a%-b? ozdesligi ve
Kesfetme Kesfetme ¢arpanlarma ayrilmasi.
l l Kesfetme
Agiklama Agiklama l
l l Agiklama
Derinlestirme Derinlestirme l
2 i
(a*+2ab+b?)'nin (a*2ab+b?)’nin
carpanlarina
¢arpanlarina . .
ayrilmasi. Derinlestirme
ayrilmasi.
KESFETME <—»  ACIKLAMA  <«—>» DERINLESTIRME KESFETME <— ACIKLAMA <—> DERINLESTIRME

DEGERLENDIRME

Sekil 5. Ders Plani-3

Ders plani-3 hazirlanirken yine dgretim programinin esnek yapisindan yararlanilarak, her bir dzdeslik ile o
Ozdesligin carpanlara ayrilmasi bir arada ele alinmistir. Giris kisminda 6zdeslik kavramma ve denklem ile
0zdeslik kavrami arasindaki farka vurgu yapilan bir etkinlik yapilmistir. Daha sonra (a+b)? d6zdesligine yonelik
kesfetme, acgiklama ve derinlestirme ¢alismalarina devam edilerek, derinlestirme asamasinda a? + 2ab + b?
bi¢imindeki ifadelerin ¢arpanlarina vurgu yapilarak, a + 2ab + b? bicimindeki ifadelerin ¢arpanlara ayrilmasinin
kesfetme agamasi olarak uygulanmistir. Ag¢iklama ve derinlestirme asamalarina devam edilerek degerlendirme
yapilmadan (a-b)? 6zdesliginin kesfetme asamasina gegilmistir. Yine derinlestirme asamasinda, a? - 2ab + b?
bigimindeki ifadelerin ¢arpanlarina vurgu yapilarak a2 - 2ab + b? bigimindeki ifadelerin ¢arpanlara ayrilmasinin
kesfetme asamasi olarak uygulanmistir. Agiklama ve derinlestirme asamalarina devam edilerek, yine
degerlendirme yapilmadan a-b? 6zdesliginin ve ¢arpanlara ayrilmasinin bir arada iglendigi kesfetme, agiklama
ve derinlestirme asamalari uygulanmistir. Ders planinin en sonunda tiim ozdesliklerin ve c¢arpanlarina
ayrilmasinin bir arada oldugu ortak bir degerlendirme asamas1 uygulanmistir.

3. Bulgular

Hazirbulunusluk testi ile 6grencilerin dzdeslikler ve ¢arpanlara ayirma konusuna yonelik 6n sart kazanimlari
kavramsal ve islemsel anlama baglaminda incelenmis ve bu baglamda modelleme iceren, modellerin
yorumlanmasi ve ¢ikarim yapilmasi istenen kavramsal bilgi sorularinda Ogrencilerin daha yetersiz oldugu
goriilmiis, ders basarisi diisiik-orta diizeyde olan birka¢ dgrencinin islem hatasi disinda, 6grencilerin ¢ogunun
islemsel bilgi ve beceri gerektiren sorularda daha basarili olduklar1 belirlenmistir. Bu boliimde arastrmanin alt
problemlerine yonelik bulgular agiklanmistir.

3.1. Ogrencilerin o6zdeslikler ve carpanlara ayirma konusunda kavramsal ve islemsel anlamayi
gerceklestirmek icin on bilgilerine ait bulgular

Ogrencilerin 6zdeslikler ve ¢arpanlara ayirma konusunda kavramsal ve islemsel anlamay1 gerceklestirmek
i¢in 6n bilgileri Ders plani -1 ve Ders plani-2 de incelenmistir.

Ders plani-1°de, ‘‘Basit cebirsel ifadeleri anlar ve farkli bigimlerde yazar’’ kazaniminin giris agsamasinda
yapilan 6grenciler ‘Kalemlerimin 4 katinin 2 eksigini Giil’e verdim, Giil’e verdigim kalemlerimin sayis1 kagtir?,
Smifimizda kizlarin sayist erkeklerin sayisinin 1 fazlasinin 2 katmna esit ise, erkeklerin sayis1 kactir?,
Yumurtalarin ¢eyreginin 5 fazlas1 kirik ise kirtk yumurtalarin sayist kagtir?, Bir saymin karesi nasil bulunur?,
Selma ile Seher’in kitaplarinin toplami kagtir?” sozel ifadelerine uygun cebirsel ifadeleri rahatlikla
yazabilmislerdir. Kesfetme asamasmda 6grenciler terim, katsay1 ve sabit terimleri belirleyebilmiglerdir; ancak
¢oBu dgrencinin sabit terimin de bir katsay1 oldugunu hatirlamadiklar1 gériilmiistiir. Ogrencilere tabloda bu kismi1
bos birakmalari istenerek, aciklama bdliimiinde sabit terimin de bir katsayi oldugu hatirlatilmistir. Derinlestirme
asamasinda, verilen sorularda 6grencilerin ¢ogu sozel ifadelere uygun cebirsel ifadeleri ve cebirsel ifadelere
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uygun sozel ifadeleri yazabilmisler, bu cebirsel ifadelerin terim, katsayi, sabit terimlerini belirleyebilmisler ve
cebirsel ifadeleri farkli bi¢imde yazabilmislerdir. Degerlendirme asamasinda ise tim 6grenciler sorulari eksiksiz
sekilde tamamlamiglardir. O11 kodlu 6grencinin degerlendirme asamasindaki ¢6ziimii Sekil 6° da verilmistir.

2. Asagida verilen cebirsel ifadelere uygun sizel ifadelere yazmniz.
a)x*+6

Br oM ksan & Fa2{dN

b) 7x +4y -3 @,/ 0 5 5 /) U
nn ity b3S 89N
if’zél)’ ; copbn 1 30591

b Sumin e 10€S 2ini/] 7 /
Sekil 6. O11 Kodlu Ogrencinin Degerlendirme Asamasindaki Coziimii

Ogrenciler kavramsal anlamaya yonelik degisken kavramii anlayarak, sézel ifadeye uygun cebirsel ifade ve
cebirsel ifadeye uygun sozel ifade yazabilmislerdir, bunun yaninda terimlerin arasindaki toplama ve ¢ikarma
islemlerine gore cebirsel ifadenin terimlerini belirleyebilmislerdir. Ancak derinlestirme asamasinda islemsel
anlamaya yonelik benzer terimeler arasinda islem yapmasi gereken soruda 06 kodlu 6grencinin, (-a.b) + (-a.b) +
(-a.b) ifadesini diizelerken -ab® ifadesini yazdig1 goriilmiistiir. Bu asamada terimlerin arasindaki aradaki toplama
islemine 6grencinin dikkati cekilerek ¢oziimiinii kontrol etmeye ydnlendirilmis ve O6 gibi benzer islem hatasi
yapan Ogrencilerin hatalarmi diizletme firsat1 sunulmustur. Artik degerlendirme asamasinda tiim &grencilerin
islemsel beceri gerektiren sorulari dogru bir sekilde cevapladiklar1 gériilmiistir. O19 kodlu 6grencinin
degerlendirme agamasindaki ¢oziimii Sekil 7°de verilmistir.

3. Asagdaki tabloyu doldurunuz.

Cebirsel ifade Terimler Terim sayisi Katsayilar Sabit terim
2xx i i A K‘BO\L
3a.ab el A a o

Sm.m +2.3n 5ot S 0 51ib > \0\"
4kk-54at | -LL 7 08t L ~b 119 Yok
-X.X -2y.y.y + 4z.z —)('Ll 293, la* 29 S

Sekil 7. 019 Kodlu Ogrencinin Degerlendirme Asamasindaki Coziimii

Bu siirecte 6grencilerin benzer terimler arasinda aritmetik islemler yaparak ve cebirsel ifadeleri farkli
bicimde yazarak konuya dair islemsel anlamalarmin olustugu belirlenmistir. Ayrica SE 06gretim modeli
araciligryla, kazanimlarm kavramsal ve iglemsel anlagilmasinin birbirini destekler sekilde d6grencilere yasatilmig
oldugu séylenebilir.

Ders plani-2°de, ‘Cebirsel ifadelerin carpimini yapar.” ve ‘Ortak ¢arpan parantezine alma yontemi ile cebirsel
ifadeleri ¢arpanlara ayirir.” kazanimlari icin hazirlanan giris asamasinda, dikdortgenin alan bagmtisindan
yararlanarak iki cebirsel ifadeyi ¢arpmaya yonelik bir etkinlikle giris yapilmistir. Bu etkinlikte &grenciler
dikdortgenlerin alan bagmtisindan yola ¢ikarak, cebirsel ifadeler arasinda ¢arpma islemini rahatca yapabildikleri
gOrilmiistiir.

Kesfetme etkinliginde, cebirsel ifadelerde carpmaya gecmeden Once Ogrencilerin dikdortgensel bolgelerin
alan bagmtilarmni kullanarak, farkli orneklerle ¢arpmanmn toplama ve ¢ikarma iizerinde dagilma ozelligi
anlamlandirmalarini saglanmasi amaglanmistir. Bu asamada O7 kodlu 6grencinin ¢6ziimi Sekil 8’de verilmistir.

Sekil 8. O7 Kodlu Ogrencinin Kesfetme Asamasindaki Coziimii
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Ogrenciler dagilma 6zelligini 6nceki siniflarda da gordiikleri igin, eski bilgilerini kullanarak bu etkinlikte
zorlanmadiklari, 6n uygulamada eksigi olan basar1 diizeyi diisiikk olan 6grenciler de bu sayede dagilma 6zelligini
hatirladiklar1 gézlenmistir.

Yine kesfetme etkinligi olarak 6grencilerin artik cebir karolar1 ile modellemeler yaparak cebirsel ifadelerin
carpimint  kavramsal olarak anlamasmni saglamak amaciyla, Oncelikle her O6grenciye modellemeleri
deneyimlemesi i¢in cebir karolar1 dagitilarak, cebir karolarmin kenar uzunluklari ve alanlari tanitilmigtir.
Cebirsel ifadelerde g¢arpma islemi, farkli bigimdeki 2.(x+3), x.(x+2), (x+3).(2x-1) islemlerini cebir karolari ile
modellenerek aciklanmistir. Bu asama soru cevap seklinde ilerlenmis, 6grencilerden modellemeleri olusturmalari
ve onlara sorular sorarak fikirlerini sunmalar1 ve yorumda bulunmalari istenmistir. Bu sayede kazanimin
kavramsal olarak anlagilmasinin, islemsel anlamay1 destekleyici sekilde olusturulmasi saglanmstir. (x+3).(2x-1)
ifadesinin modelleme ¢aligmalari i¢in aragtirmact ile 6grenciler arasinda gergeklesen diyalog asagidaki gibidir.

A: Simdi olusturacagimiz dikdortgenin kenarlarini ve gereken cebir karolarini belirleyelim.

04: Kenarlar (x+3) ve (2x-1) olacak. (Ogrencilerin ¢ogu soyleyebilmislerdir)

010: Bir tane alam x? lik, {i¢ tane de x lik olan karolar1 aliriz. Bu kenar1 (x+3) oldu.

O17: Bir de bunun altinda yine x? lik koyariz 2x olur.

06: En alta da burasi -1 olan bunu aliriz (kisa kenar1 -1 olan negatifi temsil eden cebir karosunu gosteriyor).

Ogrenciler ilk iki ¢arpma isleminden sonra artik verilen ¢arpma islemini bir dikddrtgenin alani olarak
modelleyebilmisler, bu dikdortgenin alanini ise hem modellemede kullanilan pargalarin alanlarini toplayarak
kavramsal agidan, hem de (x+3).(2x-1) ifadesinde dagilma 6zelligini kullanarak islemsel olarak bulabilmisler ve
sonuglarm birbirine esit oldugunu gosterebilmislerdir. Ogrencilerin agiklamalarindan sonra yapilan modelleme
tekrar edilmis ve negatif cebir karolarma dikkat ¢ekilerek, vurgulanmigtir. Daha sonra da islem iizerinde dagilma
ozelligi tekrar anlatilarak derinlestirme asamasina gecilmistir.

Derinlestirme asamasinda dgrencilere cebir karolar1 dagitilmis ve 6grencilerden verilen cebirsel ifadelerin
carpimlarii, cebir karolarini kullanarak modellemeleri ve verilen modellemeye uygun cebirsel ifadelerin
yazilmasi istenmistir. Bu asamada 020 kodlu 6grencinin b sikkina dair ¢oziimii Sekil 9°da verilmistir.

b) (x “2)(x+3) "

Mo =

2

AR TS i N g P

I+ 141+ [+] = |
Fl A ‘

=x 0+ =2x+lo

e b

Sekil 9. 11 020 Kodlu Ogrencinin b Sikkina Céziimii

Sekil 9°da goriildiigii gibi, 020 énce modellemeyi cebir karolar1 ile olusturmus sonra da ¢izim yaparak
gostermistir. Ayn1 zamanda olusturdugu seklin alanini, kullandig1 pargalarin alanlar1 toplamina esit oldugunu
gostererek iglemsel olarak bir algoritma gelistirmistir. Ancak yesil olan -1 br?’lik karolar1 kullanmasi gereken
yerde +1 br?’lik karolarini kullanan O20’ye cebirsel ifadeleri tekrar dagilma 6zelligini kullanarak carpmasi
istenmis ve hatasmi gormesi saglanmistir. 020, modellemesini inceleyerek ve dikdortgenin kenar uzunluklarini
kontrol ederek hatasinin farkina varip kendi cevabini degerlendirerek diizeltmistir. Dolayisiyla O20 igin, sorunun
kavramsal anlamanin olustugu sdylenebilir. Ayni zamanda dagilma &zelligini uygulayarak sonucunu
dogruladigindan islemsel olarak da anlamanin saglanmis oldugu séylenebilir.

Derinlestirme asamasmin diger bir sorusunda, dgrencilere verilen modellemelere uygun cebirsel ifadeleri
yazmalar1 istenmistir. 020 kodlu 6grencinin ¢oziimii Sekil 10°da verilmistir.
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Sekil 10. 020 Kodlu Ogrencinin b Sikkma Coziimii

020, ilk soruda negatif terimleri goz ardi ederek yaptig1 ¢oziim yapmusti. Bu soruda artik cebir karolarma
dikkat ederek modellemeyi yorumlayabilmis ve sonuca ulagmistir. Bu g¢alisma da modellemeler hazir
verildiginde 6grenciler, cebir karolarina hakim olduklari igin cebirsel ifadenin ¢arpimi sorularini kavramsal
olarak daha rahat cevaplayabilmislerdir.

Ogrenciler ders plani 2’nin bu asamasinda modellemeler kullanarak cebirsel ifadenin carpanlarini
belirlemigler ve cebirsel ifadeler ile c¢arpma islemini modellemeler kullanarak temsiller arast gecis
yapabilmislerdir. Ayrica verilen modeli yorumlayarak cebirsel ifadelerin ¢arpimini yazabilmistir. Bdylece
kavramsal anlamanin saglandigt sOylenebilir. Ayni zamanda bu asama sirasinda 6grenciler harfli ifadeler
arasinda ¢arpma islemini yapabilmis, 2.(x+3), x.(x+2), (x+3).(2x-1) ifadelerinin ¢arpiminda, ¢arpmanin toplama
ve ¢ikarma {izerine dagilma 6zelligini uygulayabilmis, verilen modele uygun olusturdugu cebirsel ifadelerin
carpiminda da dagilma 6zelligi kuralin1 uygulayabilmistir. Ogrenciler toplama ve ¢ikarma islemi iizerine dagilma
ozelliginin anlamin1 bu sayede daha rahat kavradiklar1 ve uygulayabildikleri; dolayisiyla islemsel anlamanin de
bu sayede desteklendigi gozlenmistir. Ayrica somut materyallerle ¢aligilmasi uygulamaya olan ilgiyi ve katilimi
arttrmigtir. Ders planinin farkli asamalarinda 6grenciler cebirsel ifadelerin g¢arpimini kavramsal ve islemsel
boyutta inga etme firsat1 bulmus oldular.

Cebirsel ifadelerde carpma isleminin degerlendirme asamasma gegilmeden, 6grenciler ilk donem gormiis
olduklar1 ¢arpanlar ve katlar konusundan yararlanarak, carpan kavramini kolayca hatirlamis, dikdortgenin kenar
uzunluklarmm birer ¢arpan oldugu fark etmisler ve boylece ‘carpanlarina ayrma’ konusuna giris yapilmistir.
‘Ortak carpani parantezine alma yontemi ile cebirsel ifadeleri carpanlara ayirir’ kazanimina yonelik kesfetme
etkinligi ile devam edilmistir.

Kesfetme asamasinda Ogrencilerden cebir karolarmi kullanarak, alani 3x+6 ve x*+3x olan dikdortgen
olusturmalar1 istenmistir. Daha sonra olusturulan dikdortgenlerin alanlarini, modellemelerindeki kenar
uzunluklarmi belirleyerek bulmalar1 istenmistir. 019 ve O18 kodlu dgrencilerin sorulara verdikleri yamitlar
sirastyla Sekil 11°de verilmistir.
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Sekil 11. 019 ve 018 Kodlu Ogrencinin Kesfetme Asamasidaki Coziimii

019 ve O18 gibi diger 6grenciler de verilen cebirsel ifadeyi bir dikdortgen seklinde modelleyerek, iki
cebirsel ifadeni ¢arpimi seklinde yazabilmis ve ortak carpani belirleyebilmiglerdir. Bu baglamda 6grenciler
olusturduklar1 modeller iizerinden cebir ve geometri arasinda iligki kurabilmis olmalari, 6grencilerin cebirsel
ifadelerde ortak carpan parantezine alma konusunda kavramsal anlamayi saglayabilmislerdir. Bu baglamda
kazanimin islemsel olarak da anlasilmas1 amaciyla, 6grencilerden 6nceki bilgilerini hatirlanmasi ve ortak ¢arpan
parantezine almay1 islemsel olarak nasil yapilacaginin diisiiniilmesi istenmistir. Bu agamada gerceklesen diyalog
asagidaki gibidir.
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A: Peki carpanlar katlar konusunda ortak bélen veya ortak katlar1 buluyorduk hatirladiniz mi? Ornegin,
8 ile 10 sayilarinin ortak ¢arpanlar1 nedir?

02: Ikisi de 2’ye boliiniir.

A: Nasil oldugunu agiklar misin 027

02: 8, 2.4’ e esittir. 10°da 2.5°¢ esittir. O zaman 2 ortak carpan olur.

A: Evet, peki (x*+3x) ifadesindeki terimlerin ortak ¢arpani i¢in ne diisiiniirsiiniiz?

03: Bunun (x2+3x) terimlerinde x garpani var

A: Nasil oldugunu aciklar misin?

03: x2, x garp1 X, 3x de 3 carp1 x olarak yazilirsa ikisinde de ortak olan x olur.

A: Evet ¢ok dogru. Bu durumu herkes anladi m1? (tiim 6grenciler onay vermisleridir) O halde x ortak
ise x*+3x ifadesini, carpim seklinde nasil yazariz?

03: Ortak garpani kullanarak x.(x+3) olarak yazariz.

A: Aynen bu sekilde yazilir. Peki 3x+6 ifadesini nasil ¢arpim seklinde yazariz?

05: Burada 3 ortak.

A: Nasil oldugunu gdsterebilir misin?

05: 3x, 3 garp1 x, 6 da 3 garp1 2’ye esittir 3 ortak olur. 3.(x+2) olarak yazilir.

Oncelikle carpanlar katlar konusunda gdrmiis olduklar1 ortak kat, ortak bdlen kavrammin hatirlatilarak,
ogrencilerin konu tizerinde diisiinmeleri saglanmis, dgrencilerin sayilarin ortak bolenini bulabildigi ve ortak
carpan ifadesine ulagsmis oldugu goriilmiistiir. Daha sonra, verilen cebirsel ifadedeki terimlerin ¢arpanlar1 ve bu
carpanlardan ortak olanlarin bulunmasi istendiginde, bu sonugtan yola ¢ikarak Ogrenciler terimlerin
¢arpanlarindan ortak olanlar1 belirleyebilmislerdir. Boylece 6grenciler islemsel bir algoritma gelistirerek cebirsel
ifadelerin ortak ¢arpanlarina ulasabilmislerdir. Bu baglamda 6grenciler ortak garpan parantezine alma yontemini
islemsel bilgilerini kullanarak ifade edebildikleri soylenebilir. Agiklama asamasinda, cebirsel ifadeleri ortak
carpan parantezine alma yontemi ile ¢arpanlara ayrilmasi islemsel olarak anlatilmistir.

Derinlestirme agamasinda, 6grencilerden 5x + Sy, 24a + 32, 12m?n — 8mn?, 18x® — 27x% + 36x, 8a’b — 6ab?
cebirsel ifadeleri modelleme yapmadan, islemsel bilgilerini kullanarak ortak ¢arpan parantezine alma yontemiyle
carpanlarinin bulunmas1 istenen soruda Ogrencilerin tiimii ilk sorudaki ifadeyi kolaylikla c¢arpanlarma
ayirabilmislerdir. Ardindan 24a + 32 ifadesine ait O11 kodlu 6grencinin ¢dziimii Sekil 12°de verilmistir.

B) 24a+32 U k(DQ +87
<§D.Z£@?

)

Sekil 12. O11 Kodlu Ogrencinin B Sikkina Coziimii

011, 24a + 32 ifadesinde ortak ¢arpanlardan en biytigiini degil, herhangi bir ortak ¢arpani bularak islem
yapmistir. O11’in onayi ile ¢ozlimii tahtada irdelenmis ve tiim 6grencilerin ¢oziimii ve agiklamalar1 gormeleri
saglanmus, fikir yiiriitmeleri istenmistir. Bu agamada gergeklesen diyalog asagidaki gibidir.

0: 24a+32 = 4.(6a+8) esitligi dogru bir sekilde ortak garpan parantezine alinmis midir?

010: Evet, 24’de 32°de 4’¢ boliiniir.

O: Peki 6a+8 ifadesinin terimlerinde ortak ¢arpan var mi?

O7: Evet var onlar 2’ye boliiniir.

O: Bu durumda ne almaliy1z ortak carpani?

09: O zaman 8 aliriz yani 2.4

O11: En biiyiik ¢arpanini aliriz.

O: Evet dogru, ashnda O11’in ¢dziimii (24a+32 = 4.(6a+8)’i gdstererek) yanlis degil; ancak verilen
cebirsel ifadenin terimlerinin ortak ¢arpanlarindan en biiyiigiinii secersek daha dogru bir esitlik saglamis
oluruz.

Ogrencilere yonlendirilen sorular ile gergeklesen tartisma ortaminda hem O11 hem de bu soruda hatasi olan
diger 6grencilerde terimlerin ortak olan ¢arpanlarindan en biyligiinii tespit ederek, ortak garpanin belirlenmesini
islemsel olarak anlamis oldular. Daha sonra 12m?n — 8mn? ifadesinde ait O3’iin ¢6ziimii Sekil 13°de verilmistir.

C) 12mn-smnr  (THBIRTA - @) . 2un?

B, (3141(\ —2A4r-~2>

Sekil 13. O3 Kodlu Ogrencinin C Sikkina Coziimii
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Sekil 13 de, O3 terimlerin katsayilarinin ortak ¢arpanlarinin en bilyiigiini aalmis olmasma ragmen, ortak
degiskenleri géremeyen ii¢ O6grenci olmustur. O3 kodlu &grenci, yaptigir ¢Oziimiinii tahtada anlatirken
gerceklesen diyalog asagidaki gibidir:

O: Ortak carpan nasil belirledin O3?

03: 12 ve 8’i bolen say1 4.

O: Peki terimlerdeki degiskenleri de inceler misin? Terimlerin degiskenlerinde ortak ¢arpanlar hangileri?
O3: Evet, m’ler ve n’ler ortak.

O: Nasil oldugunu agiklar misin?

03: m?%, m.m dir, n? de n.n dir.

O11: O zaman ortak carpani 4mn’dir.

Bu asamada tahtada yapilan ¢6ziim ve agiklamalar ile 6grenciler, degiskenlerin iislii ifadelerini ¢arpim
seklinde yazarak, degiskenlerdeki ortak olan carpanlarini belirlemeyi islemsel olarak gérmiislerdir. Boylelikle
diger sorularda tiim 6grenciler verilen cebirsel ifadelerin hem katsayilarin hem de degiskenlerin ortak ¢arpanina
ulagarak ortak ¢arpan parantezine alma ydntemi ile carpanlara ayirabilme kazanimina dair islemsel anlamayi
saglayabilmiglerdir.

Ders planinm sonunda artik 6grencilerin ‘ortak paranteze alma ydntemi ile g¢arpanlara ayirabilme’
kazanimma yonelik kavramsal olarak, ortak carpan kavramini anlayabilmisler, alan1 3x+6, x>+3x seklinde
verilmis olan dikdortgenleri modelleyerek, kenar uzunluklarini belirleyebilmislerdir. islemsel olarak ise ortak
carpani, carpanlar-katlar konusu ile iligkilendirme yaparak belirlemisler, cebirsel ifadelerde terimlerin
katsayilarinin ortak carpanlarmin en biiyiigiinii elde edebilmisler, cebirsel ifadelerdeki iislii sekilde verilmis
degiskenleri (m?) ¢arpim seklinde yazarak (m.m), ortak ¢arpani elde edebilmisler ve cebirsel ifadeleri, ortak
katsayilar1 ve degiskenleri g6z Oniine alarak ortak carpan parantezine alabilmislerdir.

Ders planmnim degerlendirme asamasinda, ‘Cebirsel ifadelerin ¢arpimimni yapar’ ve ‘Ortak ¢arpan parantezine
alma yontemi ile cebirsel ifadeleri ¢arpanlara ayirir’ kazanimlarma yonelik kavramsal ve islemsel anlamanin ne
olgiide olustugunu gérmek i¢in hem modelleme i¢eren, hem islemsel bilginin kullanilmasi gereken soru tiplerine
ogrencilerin kavramsal ve islemsel anlamalar1 bir arada olarak Sl¢iilmiistiir. Tiim 6grenciler bu iki bilgi tiiriinde,
hem siire¢ boyunca hem de degerlendirme sorularindaki cevaplarda gelisimlerini gdstermislerdir. Bunun yaninda
Ozdeslikler ve carpanlara ayrma konusuna baslamadan 6n bilgilerini tamamlayarak, eksikliklerini gidererek
konuya hazir olmalar1 saglanmustir.

3.2. Ozdegslikler ve carpanlara ayirma konusunun 6greniminde 6grencilerin kavramsal ve islemsel anlama
siireclerine ait bulgular

Bu boliimde ‘‘Ozdeslikleri modellerle agiklar.”” ve ‘‘a®> + 2ab + b2, a2 - 2ab + b® ve a® - b*’bicimindeki
ifadeleri ¢arpanlarina ayirir.”” kazanimlari i¢in hazirlanan ders plani-3’{in uygulamasindan elde edilen bulgular
sunulmustur.

Giris asamasinda ogrencilere farkli esitlikler verilmis, 6grenciler bu esitliklerdeki bilinmeyen yerine farkls
degerler koyarak, bazi esitliklerin her durumda iki tarafinin da ayni oldugunu gdrmiislerdir. Daha sonra
Ogrencilere verilen 2.(x + 4) =2x+ 8, 2 —x=Xx+2, -(4a+7)=-4a—-7,9m+ 7m = 16m, (3x)*> = 3x>
esitliklerinden hangisinin her iki tarafinin her durumda esit oldugu soruldugunda, cogu 6grenci aritmetik islemler
yaparak 1., 3. ve 4. esitlikleri gostermislerdir. Daha sonra dgrenciler bilinmeyen yerine farkli sayilar koyarak,
diger esitliklerdeki bilinmeyenlerin, tek bir degere sahip oldugunu buldular ve bu esitlikleri eski bilgilerini de
hatirlayarak denklem oldugunu soylediler. Burada o6zdeslik kavramimi sezdirmek icin gegen diyalog su
seklidedir.

A: Buldugunuz denklemler ile diger esitliklerin arasindaki fark nedir?

013: Digerlerinde x’e ne verirsek hep esit ¢ikar.

05: Ama denklemde x’in tek bir degeri vardir.

A: Evet cok dogru. O halde bu esitlikleri nasil tanimlarsiniz?

019: Degiskenin yerine hangi say1 gelirse gelsin sag taraf sol tarafa esit olur.

Boylelikle 6zdeslik kavramini ve 6zdeslik ile denklem arasindaki farkin anlagilmasinda islemsel bilginin,
kavramsal anlamay1 destekleyerek olusturdugu sdylenebilir.

3.2.1. Iki Terimin Toplaminin Karesi Ozdesligine Yonelik Bulgular

Kesfetme asamasinda, iki terimin toplamimin karesi 6zdesliginin kavramsal olarak anlagilmasmin saglanmasi
amaciyla yapilan etkinlikte O11 kodlu 6grencinin ¢oziimii Sekil 14°de verilmistir.
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Sekil 14. 011 Kodlu Ogrencinin Caligmast

Sekil 14 de verilen O11lin ¢oziimii gibi diger dgrenciler de olusturduklar1 karenin alanini, hem pargalarin
alanlar1 toplamindan hem de karenin alan bagntisindan bularak, iki durumun birbirine esitlemisler ve
(10+5)%ifadesinin, ii¢ terimli 10%+2.5.10+5% ifadesine 6zdes oldugunu modelleme yoluyla anlamis oldular.
Agiklama kisminda 6grencilerin bir dnceki agamada kesfetmis olduklari, (atb)?ifadesinin 6zdesinin igslemsel
olarak, birinci terimin karesi, birinci ve ikinci teriminin ¢arpiminin iki kati ile ikinci terimin karesinin toplami
seklinde bulunacagi tekrar agiklanmistir.

Derinlestirme agamasinda, (x + 5)> , (2a + 3)?, (k + 4m)? ifadelerinin iki terimin toplammin karesi
0zdesliginden yararlanarak verilen ifadelerin agilimlarimi yazarken bazi 6grenciler (2a + 3)? ifadesinde katsaymin
karesini almadan ¢oziim yaptigi goriilmiistiir. Ogrencilere yapilan ufak bir hatirlatmayla katsayis1 olan bir
degiskenin karesini alirken yaptiklar1 ¢6ziimii kontrol etmeleri istenerek hatalarmi diizelttikleri goriilmiistiir.
Dolayisiyla 6grencilerde bu 06zdeslige dair islemsel anlamanin saglanmig oldugu goézlenmistir. Caligma
yapragmnin diger sorularinda cebir karolarini kullanarak verilen cebirsel ifadelerinin modellemesini ¢izmeleri ve
olusturduklar1 seklin alan bagmntisindan yararlanarak verilen {i¢ terimli ifadelerin carpanlarinin bulunmasi
istenmistir. O12 kodlu 6grencinin drnek ¢oziimii Sekil 15°de verilmistir.

3. 2% dx + & cobirsel (Eadesini cebir karok Al
bulatem b

” X

¥
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Sekil 15. 012 Kodlu Ogrencinin 3. Soruya Coziimii

012 gibi diger 6grencilerinde 6nce hangi cebir karolarini kullanacaklarmna karar vererek ii¢ terimli bir ifadeyi
modelleyebilmis olmalari, kavramsal bilgiyi kullanmis oldugunu goéstermektedir. Ayni zamanda olusturduklar1
kare modelinin kenar uzunluklarmi kullanarak hem karenin alan bagintisindan hem de cebir karolarinin
pargalarinin alanlar1 toplamindan 6zdesligi yazabilmis ve verilen cebirsel ifadelerin ¢arpanlarina ulasmiglardir.
Bu baglamda o&grenciler, modellemelerden yararlanarak verilen ii¢ terimli bir ifadenin c¢arpanlarini,
olusturduklar1 karenin birer kenarmin cebirsel ifadenin ¢arpanlar1 oldugunu kavramsal boyutta kesfetmis oldular.
Bu asama, ayni zamanda a*> + 2ab + b? ifadesinin carpanlarina ayrilmasi kazanimma yonelik bir kesfetme
etkinligi olarak uygulanmistir. Agiklama asamasinda x*> + 4x + 4 cebirsel ifadesinin ¢arpanlarina ayrilmasi
yontemi islemsel olarak agiklanarak (x+2)’nin verilen cebirsel ifadenin bir ¢arpani oldugu gdsterilmistir.
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Derinlestirme asamasinda, 6grenciler a*> + 2ab + b? ifadesinin ¢arpanlara ayrilmasina yonelik hem modelleme
istenen kavramsal sorulari, hem de islemsel bilginin 6l¢iildiigii sorular1 dogru bigimde cevaplamiglardir.

Tiim 6grenciler 6gretim siireci boyunca, iki terimin toplamimin karesi 6zdesligine ve ¢arpanlarma ayrilmasina
yonelik kazanimlari, kavramsal agidan 6zdeslik kavramini tantyabilmis, 6zdeslik ile denklemi ayirt edebilmis,
geometrik modellemeleri ve bagmtilar: kullanarak 6zdesligi olusturabilmis, sayisal olarak elde ettigi 6zdesligi
harfli ifadelere genelleyebilmis, ii¢ terimli cebirsel ifadeleri geometrik olarak modelleyebilmis ve garpanlarina
ulasabilmis, geometrik modeli verilen 6zdesligi ve carpanlarini belirleyebilmiglerdir. Diger taraftan islemsel
acidan ise karenin alan bagintisini harfli terimler iizerinde ifade edebilmis, iki terimin karesinin toplami
0zdesliginin agilimini formiil kullanarak yapabilmis, ii¢ terimli cebirsel ifadeleri formiil kullanarak ¢arpanlarina
ayirabilmiglerdir. Bu baglamda iki terimin toplammnin karesi 6zdesligine ve carpanlarma ayrilmasi: konusu,
kavramsal ve islemsel olarak anlasilmasi, ders planinin farkli asamalarinda yinelemeli olarak desteklenmistir.

3.2.2. Iki Terimin Farkimn Karesi Ozdesligine Yonelik Bulgular

Kesfetme asamasinda, iki terimin farkinin karesi 6zdesliginin kavramsal olarak anlasilmasinin saglanmasi
amaciyla yapilan etkinlikte, 6grenciler uygulamalar1 birebir kendileri yapmislar ve bu asamada OS5 kodlu
Ogrencinin ¢aligmasi Sekil 16 ’da verilmistir.

N e
Sekil 16. 05 Kodlu Ogrencinin Caligmasi

Sekil 16°da verilen 6grenci ¢éziimii {izerine arastirmact ve 6grencilerle gergeklesen diyalog verilmistir.

O: Kenar uzunlugu (8-1) birim olan kareyi, elinizdeki kareden nasil olusturdunuz?

O11: Kenarindan 1cm, buradan da kestim (karenin diger kenarin gosteriyor)

O: Peki kalan karenin alanini nasil buldunuz?

05: 1ki kenarim carparak buldum.

O: Karenin alanmi farkli bir sekilde bulabilir miyiz?

020: Tiim sekilden kestigimiz yerleri ¢ikartarak.

O: Cok dogru, simdi tiim karenin alanindan kestigimiz kisimlarin alanlarim ¢ikararak kalan karenin alanim bulalim.

Burada ¢ogu 6grenci kenar1 8 birim olan karelerden, bir kenar1 1 birim olan parcalar1 kendileri belirleyip
kestikleri i¢in parcalarin kesigimlerindeki, kenar1 1 birim olan karesel bolgenin, yaptiklar1 iglemde iki kere
¢ikarilldigm fark edebildiler. Dolayisiyla o bolgenin alanini eklememiz gerektigini soylediler. Ancak etkinlikte
istenen alani bulamayan ve 6zdeslige ulasamayan 6grenciler i¢in sinifta soru-cevap ile yapilan tartigma ortami ve
tahtada yapilan ¢oziimler ile bu &grencilere 6zdesligi kavramsal olarak anlama firsati sunulmustur. Bunun
yaninda iki terimin farkiin karesi 6zdesliginin kavramsal olarak anlagilmasina destek olmasi ve daha kalici
olmast amaciyla, kenar uzunlugu farkli olan kareler verilerek ayni etkinligin uygulanmasi istenmis, boylece
ogrenciler iki terimin farkinin karesi 6zdesligine, bir kare modeli izerinden, kendileri deneyimleyerek kavramsal
olarak yeterlilik kazanmig oldular. Ag¢iklama kisminda iki terimin farkinin karesi 6zdesliginin ag¢ilimmin nasil
yapilacagi islemsel olarak tekrar agiklanmistir.

Derinlestirme agamasmin ilk sorusunda, (X - 7)%, (3a - 4)2, (z — 2t)?, cebirsel ifadelerinin, iki terimin farkinin
karesi 6zdesliginden yararlanarak esitinin bulunmasi istenmis ve dgrenciler terimlerin katsayilarini da goz dniine
alarak dogru sonuca ulagmislardir. Buradan 6grencilerin iki terimin farkinin karesi 6zdesliginin agilimina dair
islemsel anlama yeterliligine ulagmis oldugu goriilmiistiir. Calisma kagidinin diger sorularinda 6grencilere cebir
karolar1 dagitilarak, x* - 4x + 4 ve x* - 6x + 9 cebirsel ifadelerini modellemeleri, olusturacaklar: karenin alan
bagntisindan cebirsel ifadelerin garpanlarma ulasiimasi istenmistir. 020 kodlu 6grencinin ¢dziimii Sekil 17°de
verilmistir.
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Sekil 17. 020 Kodlu Ogrencinin 2. Soruya Yaniti
Bu asamada 020 ile gergeklesen diyalog asagidaki gibidir.

O: Olusturdugun modelin alani, verilen cebirsel ifadeye esit olup olmadigmi kontrol eder misin?

020: Bu parcalarim alanlarim toplarsam x2-4x-4 olur. Buna esit degil. (x2-4x+4 sorusunu gosteriyor)

O: O halde modellemeni yeniden kontrol eder misin?

020: Bir tane x2, dort tane -x ve dort tane +1 lazim o zaman 4 olur. Buraya turunculardan koymaliyim ¢iinkii arti
onlar. (1 br? lik cebir karolarmin gosteriyor)

Burada 020 basta modellemis oldugu kareyi yorumlarken -1br? yi temsil eden yesil karolar yerine, +1br? yi
temsil eden turuncu karolar1 kullanmasi gerektigini kendisi fark etmistir. 020 gibi negatif cebir karolarmi hatali
kullanan 6grenciler de bu asamada yapilan agiklamalarla modellemelerini diizelterek, hatalarini kesfetmeleri
saglanmig ve diger soruda bu duruma dikkat ederek c¢oziimlerini yapmislardir. Boylelikle 6grenciler
olusturduklar1 karenin kenar uzunluklarmin, verilen cebirsel ifadenin g¢arpani oldugunu kavramsal olarak anlamig
oldugu sdylenebilir. Bu asama, verilen ikinci dereceden cebirsel ifadelerin ¢arpanlarmna ayrilmasmnin kesfetme
etkinligi olarak yapilanmistir. A¢iklama asamasinda x>-6x+9 cebirsel ifadesinin ¢arpanlarina ayrilmasi yontemi
islemsel olarak anlatilarak, (x-3)’lin verilen cebirsel ifadenin bir ¢arpani oldugu gosterilmistir.

Derinlestirme asamasinda, 6grenciler 9m? - 42m + 49, 25a2 - 80ab + 64b? {i¢ terimli ifadelerin garpanlarini
islemsel bilgilerini kullanarak bulabilmigler, modelleme istenen kavramsal sorulart dogru bigimde
cevaplamiglardir. Dolayisiyla dersin sonunda tiim Ogrenciler iki teriminin farkinin karesi 6zdesligine ve
carpanlarina ayrilmasma ydnelik kazanimlari, kavramsal agidan karenin alan bagmtisini kullanarak iki terimin
farkinin karesine 6zdes olan ifadeyi belirleyebilmis, sayisal olarak elde ettigi ozdesligi harfli ifadelere
genelleyebilmis, ii¢ terimli cebirsel ifadeleri geometrik olarak modelleyebilmis ve ¢arpanlarma ulasabilmis,
geometrik modeli verilen 6zdesligi ve ¢arpanlarmi belirleyebilmislerdir. Bunun yaninda islemsel agidan ise iki
terimin farkinin karesi 6zdesliginin ag¢ilimimni formiil kullanarak yapabilmis, ii¢ terimli cebirsel ifadelerin
¢arpanlarina, iki terimin farkinin karesi 6zdesliginin kuralin1 kullanarak ulasabilmislerdir. Dolayisiyla iki terimin
farkinin karesi 6zdesligi ve carpanlara ayrilmasi, SE modelinin asamalarinda, kavramsal ve iglemsel anlamanin
birbirini destekler sekilde tiim 6grenciler tarafindan deneyimlendigi sdylenebilir.

3.2.3. [ki Kare Farki Ozdesligine Yonelik Bulgular

Kesfetme asamasinda, iki kare farki 6zdesliginin kavramsal anlamanin saglanmasi amaciyla yapilan
etkinligin daha kolay ve anlasilir olmasi agisindan noktali veya kareli kagit kullanilmistir. O12 kodlu 6grencinin
¢Oziimii Sekil 18°de verilmistir.
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Sekil 18. 012 Kodlu Ogrencinin Calismasi S
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012 gibi diger dgrencilerde beklenen sekilde, baslangicta ulastiklar1 biiyiik parcanm alanimin, ikinci asamada
olusturduklar1 dikdortgenin alanma esit oldugunu sodyleyebildiler. Bu sirada arastirmaci ile O6 arasinda
gerceklesen diyalog asagidaki gibidir.

O: Olusturdugun dikdértgenin alanmi nasil bulursun?

06: Ogretmenim burada kisa kenar (9-3) uzun kenar da (9+3) olacak, ikisini arparak bulurum.
O: Evet cok dogru, peki elde ettigimiz alanlar1 incelersek nasil bir sonuca variriz?

06: Zaten ayni sekil bunu (dikdértgeni gdsteriyor) keserek olusturduk ikisi birbirine esit olur.
020: Ogretmenim o zaman, 92-32 ni garpanlarma ayirmis olduk.

O: Evet aynen oyle.

Boylelikle 6grencilerin iki ifadeyi birbirine esitleyerek, 92-3? ifadesini ¢arpanlarmna ayrilmasmin kavramsal
olarak kesfetmis oldugu sdylenebilir. Tiim 6grenciler iki kare farki 6zdesligine ve carpanlarina ayrilmasina
yonelik kavramsal anlama yeterliligine ulasmislardir. Agiklama kisminda, 6grencilerin kesfetmis olduklart a2-b?
0zdesligi ve ¢arpanlarina ayrilmasi modellenerek anlatilmistir.

Derinlestirme asamasinda, iki kare farki 6zdesligi ve carpanlarina ayrilmasinin hem kavramsal hem de
islemsel olarak &lgiilmesini bir arada barmdiran soruya yonelik O10 kodlu 6grencinin ¢oziimii Sekil 19°da
verilmigtir.

$) Agafida verilen bir kenan a birim olan bir kareden, bir kenan 10 birim olan kare
gkanliyor. Gerive kalan bolgenin alanm ve bu slanin arpanlarioa aynilmug ifadesini

bulalun
 birlm

10 birim

- - il

2/];
J -

( 2-10). p+10)
Sekil 19. 010 Kodlu Ogrencinin Derinlestirme Asasindaki Coziimii

Ogrenciler kalan bolgenin alanini, 6nce biiyiik karenin alanindan kiigiik karenin alanini ¢ikararak yazmuslar,
daha sonra ise iki kare farki dzdesliginin agilimindan yararlanarak yazarak c¢arpanlarmi ifade edebilmislerdir.
Buna gore ders sonunda iki kare farki 6zdesligine ve garpanlarina ayrilmasi konusuna yonelik, tiim 6grenciler
kavramsal olarak, kare ve dikdortgen modellerinin alan bagmntisini kullanarak iki kare farkina 6zdes olan ifadeyi
belirleyebilmis, 92-32 ve x2-62 orneklerinden yararlanarak a*-b? 6zdesliginin genellemesine ulagabilmis, farkl
problem durumunda, verilen modeli temsil eden 6zdesligi ve carpanlarini belirleyebilmislerdir. diger taraftan
islemsel olarak ise iki kare farki ifadesinin ¢arpanlarmi alan bagintisindan yararlanarak elde etmisler, farkli
problem durumunda, verilen cebirsel ifadeyi ¢arpanlarina ayirabilmislerdir. Boylelikle ders planinin kesfetme ve
derinlestirme asamalarinda tim Ogrencilerin a?-b?> &zdesligine yonelik kavramsal ve islemsel anlamalari
zincirleme seklinde deneyimlemis oldugu séylenebilir.

Ogretim deneyinin son kismi olan degerlendirme asamasmmn 1. ve 2. sorularinda 6grenciler, 6zdeslik olan
esitliklere, bilinmeyen yerine farkli sayilar koyarak hangi esitliklerin her durumda dogrulandigini belirleyerek
ulasmuglar, 6zdeslik ile denklem arasindaki farki hem matematiksel islemler yaparak hem de dersin sonunda artik
tiim &zdeslikleri de tamdiklar1 igin agilimlarini yaparak ayirt edebilmislerdir. Ozdes ifadelerin belirlenmesi
istenen ilk soruya, O14 kodlu 6grencinin ¢dziimii Sekil 20°de verilmistir.

1) Asaiuda tbloda verilen harf)] ifadelerden dodes olmlaa igsredeyinia:

e O30 425 |3E- 100 L+ 6x49, [(X=TyF [OF-4). (x+4)
.,3{ ¢ 1 =
) T S G [ ==

(x-10M(x+10) | 20 S

A4y A | pad

Cortimindz0 agpklayng

€325 SeCne  estlemor Poln 12
‘?s.»’ﬂm dopbm. so?an«_\&n Pre  Vochac R

2) Agiidaki ifidelerdon 02desli olmaysolan gosteriniz. S 0,y | M\Qe\ﬁsjm e ¥
Nor $¢ Aerafre
8) (k-8)e(keB)=ki+64 Q\\.\\\.?"&Q [

s vy oldugode
by e -A2x+ |6-(2@- e Bonun O OLAK ; J
Sekil 20. O14 Kodlu Ogrencinin 1. Soruya Yaniti
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014 agiklamasinda, bilinmeyen yerine farkli sayilar koyarak her zaman birbirine esit ¢ikan cebirsel ifadelerin
6zdes oldugunu belirtmis; buradan O14’(in 6zdeslik ifadesini kavramsal bilgisini kullanarak acikladigi
goriilmektedir. Bazi 6grenciler ise artik 6zdesliklerin agilimlarmi 6grendikleri i¢in birbirine 6zdes olan cebirsel
ifadeleri eslestirebilmislerdir. O11 kodlu 6grencinin ¢dziimii Sekil 21°de verilmistir.

1) Agadwda tabloda verilen harfli ifadelerden dzdes olanlan isaretleyiniz

_ 19x-30x+25 [X-100 [ +6x+9 [Ox-TF [(x-4).(x+3) |
(x+3y ==l ‘ ]
S L \ i l
(3x- 5§ | i | R
(3= 10)(x+10) | .2 || |
x* - 1dxy + 49y | ] | | =i

Gozamonazl agiklayiiz \ ; %
A\ - B ‘A - | D - O <
iy - xerbys 9 1( ¥= 2 %~ - SOx

EER L:KTT%?\ :
Sekil 21. O11 Kodlu Ogrencinin 1. Soruya Yanit1

O11 gibi baz1 dgrenciler ise 6zdes olan terimleri, islemsel bilgilerine dayanarak &grendikleri 6zdesliklerin
kurallarindan belirledigi goriilmiistiir. ikinci soruda, zdeslik ve denklem kavramlarmin ayit edilmesi
istenmistir. O7 kodlu 6grencinin ¢dziimii Sekil 22°de verilmistir.

2 M'Gldihlﬁ’ den 6zdeslik ol

(8) k-8)« (k+8; =KP64 L bl )
gt O3 -~ S

b) 4% - 32x'rl6-(2x —4y
2

o] = lﬁ:"(l 14a)+ (|+m) = Ardeill
A S Y " 5

= L L
kd)0x+9y)'-9,e s4x+sl}v;~*< ¢ deg \

Sekil 22. O7 Kodlu Ogrencinin 2. Soruya Yanitt

\\‘\_)(_ <h L_

Degerlendirme kagitlar incelendiginde O7 gibi diger dgrenciler esitliklerdeki terimlerin katsayilarina ve
isaretlerine dikkat ederek, 6zdesliklerin kurallarini g6z oniinde bulundurmuslar ve 6zdeslik olmayan esitlikleri
belirlemislerdir. Buradan 6grencilerin denklem ile 6zdeslik kavramina dair fark: islemsel bilgilerine dayanarak
ayirt ettigi sdylenebilir. Bu durum 6grencilerin islemsel becerileri 6zdeslik kavrammin algilanmasina ve denklem
ile 6zdeslik gibi temel yapilarin anlammi ve arasindaki farkin goériilmesini saglamistir. Buna ydnelik olarak
ogrencilerin iglemsel becerileri de kavramsal 6grenmelerini desteklemistir.

Diger bir soruda, iki terimin farkinin karesi 6zdesliginin carpanlarina ayrilmasma yonelik, islemsel
anlamanin &l¢iildiigii bir soruya yonelik O4 kodlu dgrencinin ¢oziimii Sekil 23°de verilmistir.

3) a-4at36l1g terimli cebirsel ifadenin bir tam Kare ifade belirtmesiigin ¢ dogal
sayist kag olmalidi?

@- {M*"H)& L

Sekil 23. 04 Kodlu Ogrencinin 3. Soruya Yanit '

04, 361’in karekdkiiniin 19 oldugunu gormiis; ancak cebirsel ifadenin tamammi kare igine alarak, verilen
ifadenin iki terimin farki 6zdesliginin yapisi oldugunu anlamadigi goriilmiistiir. Ayni1 soruya O18 kodlu
ogrencinin ¢éziimii Sekil 24°de verilmistir.

3) - ba + 361 O terimli cebisel fudenin bitam ke fudebelirtmesin ¢ doga
say1si kag olmalidir?

a.q -
T 4" dua-48.13 7
a*at 49 ,

Sekil 24. 018 Kodlu Ogrencinin 3. Soruya Yanit1

018 kodlu égrenci ise verilen cebirsel ifadeyi iki terimin farkinin karesi 6zdesliginin acilimi oldugunu fark
edebildigi halde, ortadaki terime ulasamanustir. Buradan O14 ve O18 gibi akademik basaris1 diisiik olan 4
Ogrencinin iki terimin farki 6zdesligine dair islemsel anlamalarinin yeterli olmadigi belirlenmistir. Bunun
yaninda ders basarisi iyi ve orta diizeyde olan 6grenciler soruyu zorlanmadan cevaplayabilmistir.

Bir baska soruda, sozel bir sekilde verilen ifadeyi Oncelikle cebirsel olarak ifade etmeleri sonra da
carpanlarina ayirmalari istenmistir. O5 kodlu 6grencinin ¢dziimii Sekil 25°de verilmistir.
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i i i cebirsel
4) ksayisiun Karesine 12 Kati ve 36 say1st ekleniyor. Elde edilen sayl hangi cebirsel

ifadenin karesine esittir?
dne = 6086
¢ i v

©.2 L G6

Sekil 25. 05 Kodlu Ogrencinin 4. Soruya Yaniti

05 kodlu dgrencinin yazdigi cebirsel ifadenin hatali oldugu ve terimlerin ortak carpanini belirleyemedigi
goriilityor. O5’e degerlendirmeden sonra ¢dziimiinii neden bu sekilde yaptig1 soruldugunda, soru kokiinden bu
sekilde anladigini, o yiizden cebirsel ifadeyi bu sekilde yazdigmi sdylemistir. Dolayisiyla bu durumun bilgi
eksikliginden degil, dikkat hatasindan kaynaklandigi belirlenmistir. Bunun yaninda 6grencilerin ¢ogu verilen
sozel ifadeye uygun cebirsel ifadeyi yazarak ve agilimini yaparak, iki terimin toplammin karesi 6zdesligine
ulagabilmislerdir. Buradan ¢ogu &grencide bu 06zdeslige dair kavramsal ve islemsel anlamanin olustugu
belirlenmistir.

Bunun yaninda o6grenciler a*t+2ab+b?, a2-2ab+b?> bi¢imindeki ifadelerin ¢arpanlarma ayrilmasinda
ogrencilerin iglemsel bilgilerini kullanarak 6zdeslikleri dogru bir sekilde yazabilmislerdir; ancak 5 6grenci a?-b?
bigimindeki ifadelerini garpanlarina aywramadiklar1 goriilmiistiir. O7 kodlu 6grencinin ¢oziimii Sekil 26’da
verilmistir.

5) Asagidaki cebirsel ifadeleri carpanlarna ayinniz
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2 x4
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2
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Sekil 26. O7 Kodlu Ogrencinin 5. Soruya Yanitt

07, ¢ ve d siklarindaki ifadelerin terimlerin karekoklerini belirlemis; ancak ifadeleri genelleyerek, tam kare
0zdesligi olarak algilamis ve esitlikleri hatali yazmistir. Degerlendirme kagitlar1 incelendiginde 6grencilerin ¢ ve
d siklarinda zorlandiklar1 belirlenmistir. O13 kodlu 6grenci ise ¢ sikkinda, terimleri 2 ile ortak carpan
parantezine almadan g¢arpanlarina aywrmistir. Bu zorluk, iki kare farki 6zdesliginin derinlestirme asamasinda,
ogrencilerin islemsel bilgilerini kullanacaklar1 farkli cebirsel ifadeler iizerine deginilmediginden kaynaklanmis
olabilir. Bu baglamda bu 6grencilerde iki kare farki 6zdesliginin carpanlara ayrilmasmin islemsel bilgilerinin
eksik kaldig1 belirlenmistir.

Ozdesliklerin modellerle agiklanmasi istenen son soruda dgrenciler, iki terimin toplanuni karesi ve iki kare
farki 6zdesligini kolaylikla modellerken, iki terimin farkinin karesi 6zdesligini modellerken zorlandiklari
goriilmiistiir. Ders basarisi orta diizeyde olan 014 kodlu 6grencinin ¢oziimii Sekil 27°de verilmistir.

¢) (2x~1y

" 2
WX/

Sekil 27. 014 Kodlu Ogrencinin ¢ Sikkina Yénelik Coziimii
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Sekil 27°de, 014 once dzdesligin acilimini yapmaya calismus; ancak terimlerin isaretlerinde hata yapmustir.
Yaptig1 modellemede negatif karolar1 gostermemis ve kenar uzunlugu (2x+1) olan bir kare modellemistir.
Burada 6grencinin islemsel hatasi, yanlis modelleme yapmasina yol agmis, ayrica kavramsal anlamasinda da
eksikliklerin oldugu goriilmiistiir. Diger taraftan birkag dgrenci ise, negatif cebir karolarmi kullanamamiglar ve
modellemelerini tamamlayamamuslardir. O11 ve O9 kodlu 6grencilerin ¢dziimleri swrasiyla Sekil 28’de
verilmistir.

2%=

7 A Lo =ANE

sou. /‘ 2
., ek L ]
| ) @x-17 (2x=4), (2x~t) * ' x|
. _‘_LJ

Sekil 28. 011 ve 09 Kodlu Ogrencinin Coziimii

c) (2x-1)

011 ve O9 gibi 5 6grenci, verilen cebirsel ifadenin bir kenar uzunlugu (2x-1) olan bir kare modellemeye
calismislar; ancak modellemelerini tamamlayamamuslardir. Degerlendirme asamasindan sonra O11 ve 09’a
modelleme yaparken nasil bir yol izledikleri soruldugunda, kare olusturmaya calistiklarini, ama diger kenar
uzunlugunun nasil olmasi gerektigini bulamadiklarmi belirtmislerdir. Dolayisiyla bu 6grencilerin (a-b)?
Ozdesliginin kavramsal anlamalarinda; aym1 zamanda O6zdesligin a¢ilimmi da yazamadiklarindan islemsel
bilgilerinde de eksiklikler oldugu goriilmiistiir. Ogretim deneyinin son asamasi olan degerlendirme sorularindan
elde edilen verilerden yararlanarak Ogrencilerin 6zdesliklerin modellenmesinde ve carpanlarina ayrilmasina
yonelik kavramsal ve iglemsel anlamalarinin olusma durumlari1 Tablo 3°de verilmistir.

Tablo 3. Ogrencilerin Ozdeslikler ve Carpanlara Ayirma Konusuna Yonelik Kavramsal ve Islemsel Anlama
Durumlari

B.I.Ig.{ Kazanmimlar soru Ogrenci Kodlar
Tiirii No
© Ozdeslik kavrammi tanir. 1 Timii
LEU Ozdeslik ile denklem kavramlar1 arasindaki farki agiklar. 2 Timii
g Sozel ifadeye uygun cebirsel ifade yazarak tam kare 6zdesligine 4 05 harig
= ulagr.
2 3x.(x-2) ve benzer ifadeleri cebir karolarmi kullanarak 6-a Tiimii
o modeller.
E:s (x+3)? ve benzer ifadeleri cebir karolarmi kullanarak modeller. 6-b 016 harig tiimii
. .. . 04, 08,011
-1)? - . O ’
(2x-1)? ifadesinin cebir karolarin1 kullanarak modeller. 6-c 14, O18 haric timii
(atb)?, (a-b)? ve a>-b? 6zdesliklerinin kurallarini kullanarak i
1 Timii
acilimini yazar.
Ikinci dereceden ii¢ terimli cebirsel ifadelerin ¢arpanlarina, 5- Tiimi
- (atb)? ve (a-b)? 6zdesliklerinin kurallarmi kullanarak ulagir. ab umu
§ Sozel ifadeye uygun cebirsel ifadeyi yazarak garpanlarina 4 05 harig
2 BT .
; 3x.(x-2) ifadesinde dagilma 6zelligini uygulayarak terimleri 6-a Tiimii
2 carpar.
x+3)? ifadesinin agilimini 6zdeslik kuralindan yazar. - C ari¢ timil
§ (x+3)? ifadesini 1 deslik kuralindan y 6-b 016 h
al (2x-1)? ifadesinin agilimmi 6zdeslik kuralindan yazar. 6-Cc 09’. O}. L, ..014
harig tiimii
Iki terimin farkinin karesi 6zdesliginin taniyarak verilmeyen 3 04, 08,011,018
terimini bulur. harig¢ tiimii
Iki kare fark1 6zdesliginin kuralini farkli cebirsel ifadeler icin 5- 07, 08,013,018
uygular. c,d hari¢ timii

Tablo 3’de goriildiigii gibi sekizinci smif 6grencilerinin 6zdeslikler ve ¢arpanlara ayirma konusuna yonelik
kavramsal ve islemsel anlama siirecinde, iki terimin toplaminin karesi 6zdesliginde tim &grenciler
modellemeleri cebir karolarini kullanarak daha rahat cizebilmisler ve zorlanmadan garpanlarma ulasmislardir. iki
terimin toplaminin karesi 6zdesliginde tiim terimler pozitif oldugu icin 6grenciler hem kavramsal hem de
islemsel anlamanim tam olarak gerceklestigi goriilmiistiir. Bunun yaninda ders basaris1 diisiik ve orta diizeyde
olan 04, 08, 011, 014, O18 kodlu dgrenciler iki terimin farkinin karesi 6zdesliginin modellenmesinde 04, OS,
011, 018, kodlu 6grenciler iki terimin farki dzdesligini ve 08, 018, O7 ve 013 kodlu dgrenciler ise iki kare
farki 6zdesligini islemsel olarak tanimada zorlandiklar1 goriilmiistiir.
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4. Tartisma, Sonu¢ ve Oneriler

Bu c¢alismada, sekizinci smif 6grencilerinin 6zdeslikler ve ¢arpanlara ayirma konusuna yonelik kavramsal ve
islemsel anlama siiregleri, 5SE O6gretim modeline dayali bir dgretim deneyi araciligiyla incelenmistir. Bu
baglamda arastirmada ‘‘Ogrenciler, dzdeslikler ve ¢arpanlara ayirma konusunda kavramsal ve islemsel anlamay1
gerceklestirmek icin on bilgiye sahip midir?”’ ve ‘‘Ozdeslikler ve garpanlara ayirma konusunun 5E 6gretim
modeli ile 6gretiminde dgrencilerin kavramsal ve igslemsel anlama siirecleri nasildir?’’ sorularmin incelendigi iki
asamada sonugclar ele almmustir.

Ik asama kapsaminda ézdeslikler ve ¢arpanlara ayirma on sart kazanimlarinda égrencilerin én bilgileri
incelenmigtir. Buna gore, Ogrencilerin matematik &gretim programinda belirtilen 6zdeslikler ve carpanlara
ayirma konusunda kavramsal ve islemsel anlamay1 gergeklestirmek i¢in 6n bilgi olarak ‘Basit cebirsel ifadeleri
anlar’” ve ‘“‘Cebirsel ifadeleri farkli bigimlerde yazar’’ kazamimlarinda; verilen sozel ifadelere uygun cebirsel
ifadeleri ve cebirsel ifadelere uygun sozel ifadeleri rahatlikla yazabildigi, 6grencilerin degisken (bilinmeyen)
kavrammi da hatirladiklari, terimler arasinda dort islem yaparak, cebirsel ifadeleri diizenleyebildikleri
goriilmiistiir; ancak 6grencilerin tiimii sabit terimin de bir katsay1 oldugunu unuttuklar1 goriilmiistiir. Bunun
yaninda baz1 6grencilerin terimleri belirlerken terimlerin 6niindeki ‘— veya ‘+’ isaretlerini goz ardi ettikleri
gbzlenmistir. Benzer olarak Giirsoy (2019) cebir 6grenimi iizerine yaptigi arastirmasinda, 6grencilerin cebirsel
ifadelerin terimlerini ve katsayilarini belirlerken zorlandiklarini, terimleri ve katsayilari belirlerken isaretleri
dikkate almadiklarmi gézlemlemistir. Ogrencilerin bu giigliiklerini gidermek i¢in ders sirasmnda siirekli degisken,
terim, katsayr ve sabit terime ait tanimlar1 tekrar etmekten baska bir ¢oziim yolu bulamadigmni belirtmistir.
Dolayisiyla 6grencilerin matematiksel sembolleri kullanirken zorluk yasadiklari ve matematik derslerinde
sembolik ifadelerin kavramsal olarak anlasilmasinin tizerinde durulmasi onerilebilir. ‘‘Cebirsel ifadeleri farkli
bigimlerde yazar’’ kazanimmin derinlestirme ve bu iki kazanimin degerlendirme agamalarinda 6grenciler verilen
calisma kagidinda terim katsayi, sabit terim kavramlarini farkli sorularda da gosterebildikleri, terimlerin
isaretlerini de unutmadiklar1 ve harfli terimler arasinda aritmetik islemler yaparak cebirsel ifadeleri farkli
bi¢imlerde yazabildikleri goriilmiistiir. Buna paralel olarak Giirsoy (2019), cebirsel ifadeler konusuna giris
yapmadan Once oOgrencilerin sahip olmasi gereken tam sayilarla iglemler konusu ile ilgili 6n bilgilerin
hatirlatilmasi cebirsel ifadelerde islemler yaparken oOgrencilere kolaylik saglayacagini ifade etmistir. Bu
baglamda konulara giris yapmadan dnce dgrencilerin 6n bilgilerini tazeleyen ve eksikliklerini gideren ¢aligmalar,
ogrencilerin iglenecek konuyu kavramsal ve iglemsel olarak kavramalarini saglamlastiracagi igin 6gretmenlere
onerilmektedir.

Diger bir 6n sart kazanimi olan ‘‘Cebirsel ifadelerin ¢arpimini yapar’’ kazaniminda, 6grencilerin ¢arpma
isleminin toplama ve ¢ikarma islemi {izerine dagilma 6zelligini modellemeler iizerinden kavramsal olarak
anlamlandirabildigi gézlenmistir. Ders planinda yer alan cebir karolar1 ile modelleme etkinligi ile ayn1 zamanda
ogrenciler, carpanlar ve katlar konusunda &grenmis olduklar1 bilgilerini kullanarak, c¢arpan kavramini da
kavramsal olarak anladiklar1 gdzlenmistir. Sar1 (2012), kavramsal yapida verilen iistbilis destekli gerceklesen bir
ogretimden sonra ogrenciler, islemsel bilgi 6l¢egindeki sorulari ¢dzerken, iistbilis becerisi ile benzer sorularin
¢Ozimiini disiinmis, islem hatalarmi diizeltmis olabileceklerini; cebir derslerinin kavramsal anlamayi
destekleyerek islenmesinin, iglemsel bilginin anlagilmasinda ve kullanilmasinda bagarty1 arttirabilecegini
belirtmistir. Bu baglamda, yapilan etkinliklerin veya sorulan sorularin daha ¢ok bilgi agirlikli degil, kavrama ve
uygulamaya dayali olmasi, konularin kavramsal olarak Ogrenilmesinde daha etkili oldugu goézlenmis ve
Ogretmenlere derslerinde kavramsal anlamay1 destekleyecek nitelikteki etkinliklere yer vermeleri 6nerilmektedir.

Negatif terimlerin oldugu (x-2).(x+3) bicimindeki cebirsel ifadelerinde, olusturduklar1 modelleme ile
yaptiklar1 ¢arpma isleminin sonuglarini yorumlayamayan 6grenciler olmustur. Bu 6grencilerin cebirsel ifadeleri
¢arpmada islemsel bilgilerinin tamamlanmis oldugu; ancak elde ettigi sonuglar1 olusturduklar1 modellemeler ile
bagdastiramadiklari, dolayisiyla 6grencilerin kavramsal anlamada eksiklikleri oldugu belirlenmistir. Benzer
durum Birgin ve Giirbliz’in (2009) yaptiklar1 ¢aligmada, ortaokul Ogrencilerinin islemsel bilgiyi Olgen
problemlerde, kavramsal bilgiyi 6l¢en problemlere gore daha iyi bir bagar1 gdsterdigini tespit etmislerdir. Bunun
yaninda Yazir (2015), modelleme yontemine dayali olarak yaptigi g¢alismada modelleme etkinliklerinin
kavramsal ve islemsel bilgiyi gelistirdigi sonucuna ulasmistir. Bu durumda kavramsal anlamanin saglanmasi
gereken kazanimlari islerken, ders i¢i etkinliklerde modelleme ¢aligmalarina, gorsellerden yararlanmaya ya da
materyal kullanmaya daha fazla yer verilmesi dnerilmektedir.

“Ortak ¢arpan parantezine alma ydntemi ile cebirsel ifadeleri ¢arpanlara ayirir’” kazaniminda dgrenciler
cebir karolarint kullanarak ‘3x+6° ve ‘x?+3x’ ifadelerini dikdortgenler olusturarak modellemis ve cebirsel
ifadeleri, dikdortgenin iki kenarinin c¢arpmmi seklinde yazabilmis, cebirsel ifadeleri carpanlarina ayirmanin
modellemeler iizerinden nasil yorumlanacagini kavramsal olarak anlamis olduklari belirlenmistir. Bunun
yaninda, islemsel anlamanin desteklenmesi amaciyla ayni cebirsel ifadeyi ¢arpanlara ayirirken, dogal sayilardan
ornek verilmis ve bu sayilarin ortak bolenlerine dikkat ¢ekilmis, dolayisiyla &grenciler cebirsel ifadelerin
carpanlara ayrilmasin kesfetmislerdir. Benzer olarak, Baykul’da (2014), daha 6nce islenen garpanlar ve katlar

65



I Unliier A. Kurtulus

konusunun 6gretimi swrasinda, ¢arpan kavrami lizerinde durulmus oldugundan, cebirsel ifadelerin carpanlara
ayrilmasi konusu 6nce, dogal sayilarin {izerinden ilgili alistirmalarla baslanarak, carpan ve ¢arpanlara ayirma
kavramlarmin hatirlatilmasi gerektigini belirtmistir. Bu baglamda, anlamli bir 6grenme saglamak adina
ogrencilerin matematik konular1 arasinda iligki kurarak kavramsal ve islemsel anlammin desteklendigi
uygulamalarin derslerde yogunlastirilmasi matematik 6gretmenlerine tavsiye edilebilir.

Cebirsel ifadelerin ¢arpimini yapar ve ortak ¢arpan parantezine alma ydntemi ile cebirsel ifadeleri ¢carpanlara
ayirir kazanimlarmin ortak olarak degerlendirildigi asamada, kavramsal ve iglemsel anlamay1 6lgen nitelikte
sorular bir arada verilmistir. Ogrencilerin modellemeleri istenen sekilde yaptiklari, verilen modellemeleri
yorumlayabildikleri ve farkli modeller {izerinde islem becerilerini de kullanarak sorulara dogru yanit verdigi
gorilmiistiir. Rittle-Johnson ve Koedinger (2009), yaptiklari ¢alismada, derslerin kavramsal ve iglemsel 6grenme
ile tekrarlanan bir gekilde islenmesi, islemsel becerilerin 6grenilmesini kolaylastirdigini, kavramsal 6grenmeyi
ise destekledigi sonucu ile benzesmektedir.

Ikinci asamada asil amag¢ olan ézdeslikler ve carpanlara ayirma konusunun ogreniminde égrencilerin
kavramsal ve islemsel anlama siire¢leri incelenmistir. Bu kapsamda Ders plani-3’ten elde edilen bulgulara gore;
Ozdeslik kavraminin kazaniminda, 6grenciler harfli ifadelerin yerine farkli degerler vererek esitligi saglanan
cebirsel ifadeleri bulabilmis, verdikleri cevaplar ile 6zdeslik kavrami ve denklem &6zdeslik arasindaki farki
kavramsal olarak kesfetmislerdir. Boylelikle islemsel bilgilerin, kavramsal bilgilerinin olusturulmasma destek
oldugu gozlenmistir. Bu sonug, Baki ve Kartal’in (2004), matematiksel kavramlarin gretiminde bu kavramlarin
iliskilerine 6ncelik verildiginde, 6grencilerin matematigi 6grenmeleri daha etkili ve kalict olacaktir sonucu ile
paralellik gostermektedir. Bunun yaninda soru-cevap yontemi ile tiim dgrencilerin etkinlige katilimi saglanmus,
denklem ve 6zdeslik kavramini ayirt etmeleri igin diisiinmeye tesvik edilmistir. Bu sekilde 6grenciler ilk defa
gordiikleri bu kavrama iliskin farkindalik kazanmis oldular. Bu baglamda derslerin farkli yontemlerinin ile
desteklenmesi, 6grencileri 6z agiklamalarmi yapmalarina igin tesvik edilmesi ve 6gretime gegmeden dgrencilerin
dikkatlerini ¢ekici uygulamalar yapilmasi konunun etkili 6gretimi i¢in dnerilmektedir.

iki terimin toplammin ve farkinmn karesi, iki kare farki 6zdeslikleri ve garpanlarma ayrilmasi konusunda
ogrenciler, SE 6grenme planmnin ayr1 agamalarinda, cebir karolarmi kullanarak 6zdeslikleri geometrik sekiller ve
bagintilarla harmanlayarak ve sayilar iizerinden kurulan bagintilar1 harfli ifadelere genelleyerek 6zdesliklerin
acilimina ulasabilmislerdir. Boylece konuya dair bilgiyi hem kavramsal hem de islemsel olarak insa etmeyi
deneyimlemislerdir. Benzer olarak Akin ve Pesen (2010), 6zdeslik konusunun 6gretiminde kullanilan somut
materyallerin 6grencilerin aktif bir 6grenme gerceklestirmeleri ve bilgilerinin daha kalici olmasinda etKkili
oldugunu belirtmislerdir. Benzer olarak, Caylan (2018), yaptig1 calismada cebirsel kavramlarin 6gretiminde
bulus yoluyla 6grenme ve yontemlerinin kullaniminin, ortaokulda 6grenmeyi olumlu etkiledigini belirtmistir. Bu
baglamda 6gretmenler 6zdesliklerin 6gretiminde, cebir karolar1 gibi 6grencilerin kendilerinin olusturabildigi
somut materyallerden yararlanilarak, kavramsal 6grenmeye katki saglayacak modellemeler yaparak farklh
Ogretim yontemleri gelistirilebilir.

Cebir 6grenme alani icinde genis bir yer tutan geometrik sekillerin ve bagntilarin, 6grencilerin kavramsal
anlamalarina, islem kolayligina ve formiiliin 6grenilmesine katki saglayacagindan 6gretmenlere cebir derslerinde
kullanilmas1 6nerilmektedir. Bununla birlikte 6grenciler iki kare farki ve a*> £ 2ab + b? bigimindeki tam kare
ifadeleri matematiksel islemler yaparak, formiil ve kurallar1 kullanarak carpanlarina aywrabilmisler, boylece
islemsel anlamay1 da olusturabilmiglerdir. Bunun yaninda Baki ve Kartal (2004), Rittle- Johnson ve Alibali
(1999), kavramsal ve islemsel bilginin kazanilmasinda, kavramsal bilgideki gelisiminin islemsel bilginin
olugsmasini kolaylastirdigini ifade etmislerdir. Dolayisiyla matematik 6gretmenlerine, kazanimm kavramsal ve
islemsel boyutunu, bir arada dengeli ve birbirini destekleyecek nitelikte anlatilmasmin kazanimin kaliciligmi
saglayacagi agisindan Onerilmektedir. Ayrica Ozdesliklerin agilimlart ve O6zdesliklerin ¢arpanlara ayrilmasi
dogrudan kurallar ve formiiller verilerek ezberletilmek yerine bunlar1 elde etme yollar1 gdsterilerek, 6grencilerin
kesfetmeleri saglanmasi matematik dgretmenlerine dnerilmektedir.

(2a + 3)? ifadesinde terimlerin karelerini alirken birka¢ 6grencinin katsayilarini goz ardi ettikleri; ancak ufak
hatirlatmalarla 6grencilerin hatalarin1 kendileri bularak diizelttigi gozlenmis, daha sonra {i¢ terimli cebirsel
ifadelerin ¢arpanlarina ayrilmasi istenen soruda gogu dgrenci bu asamada terimlerin katsayilarina dikkat ederek
ve islemsel bilgilerini dogru bir sekilde kullanarak cebirsel ifadeleri ¢arpanlarmna ayirabilmislerdir. Bu durum
Sahiner’in (2018), 8. sinif 6grencilerinin cebirsel ifadelerin parantez igeren sorularinda hatalar yaparak; aritmetik
islemlerdeki kurallar1 cebirsel ifadelere uygulamada zorluk yasadiklar1 sonucuyla benzerlik gostermektedir (s.
75).

Ders basaris1 diisitk 6grencilerin, x2-4x+4 cebirsel ifadesinin modellenmesinde cebir karolarmi kullanirken,
karenin kenarlarinin ¢arpiminin, kareyi olusturan pargalarm alanlarini vermesi gerektigini géz ardi etmislerdir.
Burada iki terimin farkinin karesi 6zdesliginin modellenerek olusturulmasinda, kavramsal anlamanin eksik
kaldig1 goriilmiistiir. Benzer olarak Soylu ve Soylu (2006), 6grencilerin hem islemsel hem de kavramsal
bilgilerinin bir arada kullanilmasini gerektiren kavramlar1 grenirken zorluk yasadiklarmi belirlemislerdir. Bu
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eksikligin giderilmesine yonelik olarak x>-6x+9 cebirsel ifadesinin modellenmesi istenmis ve dgrencilerin dnceki
soruda distiikleri hatayi, yapilan agiklamalar ve hatirlatilmalardan sonra bu soruda yapmadiklari, dogru cebir
karolarmi kullanarak dogru bir kare modellemesine ulagtiklar1 ve olugturduklar1 karenin kenarlarini belirleyerek
de verilen cebirsel ifadenin ¢arpanlarina ulastiklar1 goriilmiistiir. Bu sonug, Ozer ve San’m (2013), 6zdeslikler
konusunun 6gretilmesinde gorsel materyaller ile desteklenen etkinliklerin, dgrencilerin basarilarini yaklasik
yiizde altmig oraninda arttigin1 belirlemeleri ile desteklenmektedir. Diger taraftan Rittle-Johnson ve Koedinger
(2009), modelleme egitiminde kavramsal ve iglemsel anlamayi yinelemeli bir siire¢ izlenmesi, dgrencilerin
kavramlarin ve islemlerin O6grenilmesini kolaylastiracagini da belirtmislerdir. Bu baglamda matematik
derslerinde kavramsal ve iglemsel bilgilerin bir arada oldugu pekistirme etkinliklerinin gogaltilmasi ve derslerin
bu dogrultuda iki bilgi tiirii agisindan dengeli bir sekilde islenmesi dnerilmektedir.

SE 6gretim modelinin son asamasmnda 6zdeslikler ve g¢arpanlarma ayirma konusunun tamamini igeren
degerlendirme asamasinda, 6grenciler kavramsal olarak 6zdeslik ve denklem kavramlarmi ayirt edebildikleri,
0zdesligin ne oldugu, denklem ile arasindaki farki 6zdeslik ve denklemdeki degiskenlerin neyi ifade ettiklerini
aciklayabilmigler, cebirsel ifadelerden 6zdeslik olanlarm agilimlarini islemsel bilgilerini kullanarak
yapabilmisler ve 6zdeslik olmayan esitlikleri belirlemislerdir. Bu baglamda matematik derslerinde bir konunun
Ogretiminde sadece kavramin tanimma ve ne olduguna degil, bu kavram ile baglantili kavramlar arasindaki
iliskilere dncelik verilerek islenmesi, 6grencilerin matematiksel kavramlari1 daha etkili ve kalic1 oldugu sonucuna
varilmistir, matematik O6gretmenlerine de derslerini yiiriitiirken kavramlar arasi iliskilere odaklanmalar1
Onerilmektedir.

a’>-4a+361 cebirsel ifadesindeki verilmeyen katsayidan dolayr iki terimin farkinin karesi 6zdesligi ve
carpanlara ayrilmasi konusunda islemsel anlamanin ders basarisi diisiik olan 6grencilerde tam gergeklesmedigi
gbozlenmistir. Bu durumun nedeni olarak, Ogrencilerin 6zdesliklerin agilimlarini ve c¢arpanlara ayirma
yontemlerini hatirlayamadiklar1 veya bilgilerini verilen farkli bir soruda nasil uygulayacagmi kavrayamamis
oldugu soylenebilir. Bu durum, Sahiner (2018) calismasinda, 6grencilerin 6zdeslikler konusunda 6zellikle dort
islemde hata yaptiklar1 veya istenen cebirsel 6zdesligi kullanamadiklar1 sonucu ile paralellik gostermektedir.
Ayn1 zamanda Celik ve Giines’in (2013), 7. ve 8. smif 6grencilerinin bircogunun harfli sembollerin bir sayi,
bilinmeyen ve degisken oldugunu kullanmada zorluk yasadigi sonucu ile desteklenmektedir. Bu baglamda
matematik O6gretmenleri 6zdeslikler ve carpanlara ayirma konusunun islendigi derslerde, 6grencilerin farkl
yapidaki problem durumlari ile karsilagmalarina olanak saglamalar1 ve 6grencilere bilgilerini degisik durumlarda
da kullanabilmeleri firsat1 sunmalar1 6nerilmektedir.

Hem kavramsal hem de islemsel anlamanin bir arada sorgulandig: bir soruda O5 kodlu 6grenci verilen sdzel
ifade igin farkli bir cebirsel ifade yazmis; bu ifadenin ¢arpanlarina ayrramamistir. Birgin ve Giirbiiz’iin (2009),
ortaokul o6grencilerinin islemsel bilgiyi Olgen problemlerde daha iyi bir basari gosterdigini belirledikleri
calismayla benzesmektedir. Bunun yaninda verilen cebirsel ifadeleri islemsel bilgilerini kullanarak ¢arpanlara
ayrilmasmm istendigi soruda O7, 08, 013, 018 kodlu dgrenciler, iki kare farki 6zdesliginin kurahni farkls
sorularda yapamamasinin nedeni, islemsel bilgilerinin pekistirilmesine yonelik ¢aligmalarmn yapilmadigindan
olabilecegi diisiiniilmektedir. Buna yonelik olarak, matematik 6gretmenlerinin 6grencilerinin cebirsel diisiinme
ve akil yiriitmelerine firsat sunmak i¢in en etkili yollar1 belirlemeleri gerektigi diisiiniilmekte ve derslerde
cebirsel muhakeme yapabilmeyi gerektiren farkli tarzda sorulara agirlik verilmesi 6nerilmektedir. Degerlendirme
asamasinin son sorusunda, kavramsal anlamaya yonelik verilen cebirsel ifadelerin modellemesini cebir karolarmni
kullanarak cizmeleri istenmis, ders basarisi yiiksek ve orta diizeyde olan O2 ve O5 kodlu dgrenciler dnce
islemsel bilgilerini kullandigi, kavramsal bilgilerini ikinci planda kullanmislar; dolayisiyla islemsel anlamanin,
kavramsal 6grenmenin Oniinde oldugu sonucuna varilmistir. Sart (2012), caligmasinda cebirsel ifadeler ve
denklemler konusunda 7. smif 6grencilerinin kavramsal ve islemsel bilgi gelisiminde, istbilis stratejileri ile
yiriitillen 6gretim sonunda &grencilerin islemsel bilgi puanlari, kavramsal bilgi puanlarma kiyasla anlamli
diizeyde yiiksek ¢iktig1 sonucu ile paralellik gostermektedir. Benzer olarak, Baki ve Kartal (2004), yaptiklari
aragtirmada, bir¢ok 6grencinin cebirsel bilgilerinin olusmasinda, kavramsal bilgiden ziyade islemsel bilginin 6n
planda oldugu bir matematiksel 6grenmenin gergeklestigi sonucuna varmiglardir. Bu duruma yonelik olarak,
ogrencilerin kavramsal anlamalarini da, islemsel basar1 seviyesine ulastirabilmek adina, kavramsal 6gretim igin
ogretmenlere rehber olabilecek kaynaklarin arttirilmasi 6nerilmektedir.

(2x-1)? 6zdegliginin modellenmesinde matematik basarist orta ve diisilk olan bazi dgrenciler geometrik
bilgilerini 6zdeslikler konusu ile iligkilendiremediklerini, muhakeme yapma becerilerinin zayif oldugunu ve
islemsel bilgilerinin kavramsal anlamalarinin 6niinde oldugunu gostermektedir. Benzer sekilde Ulas (2015)
yaptig1 ¢alismada, ders basarisi diisitk olan 6grencilerin dikdortgenin alanini kullanarak cebirsel ifadelerle islem
yapma konusunda eksiklikleri oldugu sonucuna ulagmistir. Bu duruma benzer olarak Diindar (2012), 6zdeslikleri
modellerle agiklayabilme kazaniminda, 6grencilerin geometrik sekiller iizerinde cebir ile geometri bilgilerini
arasinda iligkilendirme yapmada zorluklar yasadigini, Ogrencilerin 6zdesliklerin  agilimina ulasirken
olusturduklar1 seklin kenar uzunlugu ile alani arasindaki iligkinin kurulamamasinin nedeni olarak 6ncelikle alan
korunumunun anlagilmadigini tespit etmisti. Bu baglamda ¢ikarma iglemi igeren Ozdesliklere yonelik
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modelleme yapmadan 6nce, 6grencilere bu 6zdesliklerin yapisini cebirsel olarak anlatmak, daha sonra geometri
ile iliskisinin kurulmasmi saglayarak modellenmesi daha uygun bir yontem olabilir. Buradan bu &grencilerin
sorudaki verilen cebirsel ifade ile modellemeyi iliskilendiremedigi, yaptiklari g¢oziimlerden gecmisteki
deneyimlerini yeni durumlara uygulayamadigi sonucuna ulasgilmistir. Bu baglamda 6gretmenlerin kendi
ogrencilerinin 6grenme bigimlerini ve ihtiyaglarimi iyi taniyarak, 6grencilerin kendi 6grenmelerinde daha aktif
oldugu, kendi ¢o6ziimlerini degerlendiren, sorgulayan, yorumlayan, Ogrenme ortamlarmin saglanmasi
onerilmektedir, bu sekilde kavramsal ve islemsel anlamanin bir arada ve birbirini destekleyici sekilde olugsmasini
saglayacagi diisiiniilmektedir.
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