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Highlights
« The series solution is focused.
» Homotopy Perturbation Elzaki Transform Method is used.
» The moments are obtained.

Article Info Abstract

The series solutions of the random nonlinear partial differential equations have been examined
Received: 23 Sep 2020 by a hybrid method. The random nonlinear partial differential equations are studied by both
Accepted: 22 Sep 2021 normal and uniform distributions. Two initial-value problems are indicated to exemplify the

influence of the solutions acquired by the hybrid method. Also, the functions for the first and
second moments of the approximate solutions of random nonlinear partial differential equations

Keywords are acquired in the MAPLE software. The hybrid method is implemented to analyze the solutions
Expected value of the random nonlinear partial differential equations. MAPLE software is used to find the
Homotopy perturbation solutions. Besides, MAPLE software is used for the drawing the figures.
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1. INTRODUCTION

The ordinary differential equations (ODEs) that include random constants or random variables have been
current important matters that are named as random ordinary differential equations (RODEs). The topic of
random partial differential equations (RPDES) have been used to analyze a lot of applications such as
engineering, mathematical biology and physics problems. Recently, a lot of scientific problems which
belongs to fluid mechanics, control theory, climate models, physics and so on are solved. The random
evolution partial differential equations have been examined. Also, they have analyzed the heat and
Schrédinger equations by random parameters [1]. A new solution approach for these RPDES based on deep
learning has been given [2]. The numerical approximation of RPDEs have been examined [3]. The mean
square approach and Laplace transform method have been used to solve random hyperbolic PDEs [4]. The
new Sumudu transform iterative method is applied to obtain the approximate solutions of RPDEs [5].

There are extremely few papers about random nonlinear partial differential equations (RNPDES) in the
literature. The partial differential equations (PDEs) that include are random variables or stochastic
processes are defined as random partial differential equations. RPDEs are very important in a lot of
applications in a lot of scientific areas. It is often impossible to analytically solve RNPDEs. Thus, a lot of
numerical methods for RPDEs, ODEs and PDEs have been established. There are a lot of numerical
methods such as Adomian decomposition method (ADM) [6], homotopy perturbation method (HPM) [7-
10], differential transform method (DTM) [11-16], variational iteration method (VIM) [17], finite
difference method [18-19], random finite difference scheme [20,21] and a lot of methods.
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This work studies RNPDEs and to acquire the approximate solutions of these equations by the HPETM.
Jena and Chakraverty have applied this method to solve Navier—Stokes equation of fractional order [22].

The main motivation of this work is to obtain the approximate solutions of the RNPDEs by the homotopy
perturbation Elzaki transform method and calculate the first and second moments of these approximate
solutions. Besides, the graphs of these moments have been plotted in MAPLE software.

2. BASIC DEFINITIONS

A few basic definitions and features are given in this section.

Definition 2.1 [23] Let the the function f(x) is probability density function for random variable X. Then,
X gets normal distribution and is named the normal random variable

2
T), —00 < x <00,—00< < o0,02>0. (D

1
f@="r=e?

If X has the normal distribution by parameters u and o2, the first and second moments of X are defined by
EX) =pVar(X) =o?. )

Definition 2.2 [23] Let the the function f(x) is probability density function for random variable X. Then,
X gets uniform distribution and is named the uniform random variable

1
f(x):B—_a' a<x<p. 3

If X has the uniform distribution by parameters a and f3, the first and second moments of X are defined by
E(X) = a,Var(X) = B. 4)

Definition 2.3 [24] The Elzaki transform (ET) of the function g(t) for t > 0 is defined by

o)

Ewa»=ﬂw=vjmwf%t ®)

0

Definition 2.4 [24] The Elzaki transforms of the partial derivatives are as follows.

ag(x, )] 1 9%g(x, )] _ 1 99(x,0)
E[ o =;T(x,v)—vg(x,0),E[T =§T(X,U)—Q(X.O)—U 9t
dg(x,t)] _d ’g(x, )] d?
E[ ox ]_E[T(x’v)]’E[ oz |~ @ Tl ©

Also, the normal and uniform distributions are used in the examples.
3. AHYBRID METHOD

Consider the NPDE by the initial conditions
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Dw(u,t) + Lw(u,t) + Nw(u, t) = g(u, t), 7
U s 0) = by 0) 2 Fw 7

where D is the second order linear differential operator, L, N are respectively linear and nonlinear
differential operators and also, the order of L is smaller than two, g (u, t) is the nonhomogeneous term [25].

If ET is applied to both sides of (7), then it is obtained as [25]

E[Dw(u,t)] + E[Lw(u,t)] + E[Nw(u,t)] = E[g(u, t)]. (8)
If the differential property of Elzaki transform and initial conditions (ICs) are used, then (9) is obtained.
Elw(u,t)] = v2E[g(u, t)] + v2h(u) + v3f () — v2E[Lw(u,t) + Nw(u,t)]. 9
If the inverse Elzaki transform is applied to both sides of (9), then it is found as [25]

wu,t) = G(u,t) — E-Yw?E[Lw(u,t) + Nw(u, t)]} (10)
where G (u, t) is the term that arises by the nonhomogeneous term and ICs.

Now, HPM

w(u,t) = Z p"wy(u,t) (11)
n=0

is applied and the nonlinear term has been decomposed as

Nw(w,v) = ) pHy(w) (12)
n=0

where H,,(w) are given by

H,(Wy, Wy, ..., W) = 6p (Zp Wl>] ,n=0,1,2,.. (13)
p=0

oo

If the same powers of p are compared, then the iterations which obtained are as follows:

(11) and (12) are substituted in (10), it is obtained as [25]

v2E [L 2 p"wy (u, t) + Z p"H,(w)
n=0 n=0

This is the coupled of the ET and HPM.

Z p"w,(u,t) = G(u,t) —p{E~?
n=0

p’:wo(u,t) = G(u,t),

pliw;(wt) = —E"H{v?E[Lwo (u, t) + Ho(w)]},
p*:w,(u,t) = —E~Y{v2E[Rw; (u, t) + Hi(W)]},
p3:wi(u,t) = —E"Yw?E[Rw,(u, t) + Hy(w)]}
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Thus, the series solution of (7) is given as [25]

[oe]

u(x,t) = Z u;(x, t). (15)

i=0
4. NUMERICAL EXPERIMENTS
Example 4.1. Consider the RNPDE,

{Wt(u, t) + w(u, )wy, (u, t) = —Bu + 24%u® — 3ABu? + B?ut?, (16)

u(x,0) = Au?.
where A is random variable which has Normal distribution by parameters a = 3 and f = 2 and B is random
variable which has uniform distribution by parameters a = 2,8 =1, i.e. A~N(a = 3,8 = 2),B~U(a =
2,8 =1).

If ET is implemented to (16) and the differential property of ET is used, then (17) is obtained as
Elw(u,t)] = Au?v? — Buv® + 24%uBv3® — 3ABu®v* + 2B?uv® — vE[w(u, t)wy (u, t)] 17
If the inverse ET is applied to (17), then (18) is obtained as

34Bu?t?> B?ut?

w(u,t) = Au? — But + 24%u3t — >+ 3 E~YvE[w(u, t)wy, (u, t)]}. (18)

|

Now, the HPM is applied, then it is obtained as

C , , 5. 3ABuU*t?  BZut® INES
Zp”wn(u,t)=u — But + 2A°u°t — + —p|E""{VE Zp" n(w)
n=0

2 3

n=0

where H,,(w) are He’s polynomials which show nonlinear terms.
Some components of H,, (u) are as follows:

Ho(w) = wowgy,

Hy(w) = wowyy, + wywoy,

Hy(W) = woway + wiwyy + wowgy,

If the same powers of p are compared, then they are obtained as

34ABu?t? B?ut?

p°:wo(u,t) = Au? — But + 2A%u3t — >t 3
3ABu?t? B?ut3 B%t3
Hy(w) = <Au2 — But + 2A%u3t — > + 3 > <2Au — Bt + 6A%u?t — 3ABut? + 3 >,
Bu?t? 10AB?u?t* B?ut?
plrw;(u,t) = —24%udt + — 3A43ut? + 3A%Budt3 — — + ABu?t? —
B3ut® 1343Bu*t* 24%B*u3t® AB%*u?t* 3A3Bu*t*

_ZAS 4t2 AZB 3t3—4A4 5t3+ _ +
15 uitt + A% u 2 15 8 4
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4A%B%u3t>  AB3u?t® 2A4%Bult® G5AB%*u’t* 3A3Bu*t* A’B*u®t® B3ut® 24%B%udt®

+ + + - +
5 12 3 12 2 5 3 5
AB3u?t®
+T + 80A4B3u?t® — 80B*ut’.

Therefore, the series solution of (16) has been obtained as

5 , 3. 3ABu*t* B*ut® , 5.  ABU*t?
w(u, t) = wo(u, t) + wy(u, t) = Au® — But + 24°u°t — > + 3 — 2A°u’t +

10AB?u?t* B?ut® B3ut®
—3A43ut? + 34%But3 — ——— 4+ ABu?t? —

_2A3 4t2 AZB 3t3—4A4 5t3
3 3 + 15 u + u u

13A3Bu*t* 2A42%B2%u3t® AB%u?t* 3A3Bu*t* 4A%2B%u3t5 AB3u%t® 24%Budt3

2 15 8 * 4 5 * 12 * 3

5AB?u?t* N 343Bu*t*  A?B2u?t® N B3ut® 2A?B?u3t® N AB3u?t®
12 2 5 3 5 18
+804B3u?t® — 80B*ut’. (20)

Let A~NN(a=3,8=2)and B~U(ax = 2,8 = 1).
So the approximated values of 4, A2, A3, A*, A%, A%, A7, A®, B, B2, B3, B* are obtained as follows.

E(A) = 3,E(A?) = 13,E(43) = 63, E(A%) = 345, E(4%) = 1323, E(4°) = 13029,

E(A7) = 88119, E(A®) = 622608, E(B) = 3, E(B?) = g,E(B3) = %,E(B‘*) = 3—51

The first moment of (20) has been obtained as

3ut 9u?t? 39u3t3  147u%t*  utd
Elw(u,t)] = 3u? — —+ 26ut — — 189ut? — — + — — 126u*t?
2 2 6 2
N 65 343 _ 1380u5¢3 4 189u4t* T eTytet 728u3t>  7ult* N 1701u4t? N 5ut®  7u?tt
2 ¢ u 4 u 45 8 8 16 4

91u?t> 182u3td N 5u?t®
15 15 4

+900u?t® — 496ut’.

The first moment of (20) is shown in Figure 1.
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Figure 1. Time-dependent variation of first moment of (20)

Let A~NN(a = 3,8 =2) and B~U(a = 2,8 = 1). Then the variance of (20) is calculated by MAPLE
software.

The second moment of (20) is shown in Figure 2.

Figure 2. Time-dependent change of second moment for (20)
Example 4.2. Consider the RNPDE,

{Wt(u, t) + w(u, )wy, (u, t) = ABt3 + B?ut? + 2At + Bu, 1)

w(u,0) = —Bu

where A is random variable which has Normal distribution by parameters a = 2 and § = 1 and B is random
variable which has uniform distribution by parameters a = 2,8 = 3, i.e. A~NN(a = 2,8 =1),B~U(a =
2,0 = 3).

If ET is implemented to (21) and the differential property of ET is used, then (22) is obtained as
E[w(u,t)] = 6ABv® + 2B?uv® + 24v* + Buv® — Buv? — vE[w(u, t)wy, (u, t)]. (22)
If the inverse ET is applied to (22), then (23) is obtained as

ABt* N B?ut3
4 3

w(u,t) = + At? + But — Bu — E"Y{vE[ww(u, t)w, (u, t)]}. (23)

Also, HPM is applied, it is obtained as
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Plgrmel] o

where H,,(w) are He’s polynomials which show nonlinear terms.

ABt* B*ut®
Zp wy(u, t) = + + At +But —Bu—p|E "H,(w)

4 3

n=0

Some components of H,,(w) are as follows:
Ho(w) = wowgy,

Hi(w) = wowyy, + wiwoy,
Hy (W) = wowyy + Wiwyy, + Wawgy,

If the same powers of p are compared, then they are obtained as

o ABt* B*ut®
p’iwo(u,t) = 2 + 3 + At“ + But — Bu,
ABt* B?ut? 5 g3
Hy(w) = ) + + At* + But — Bu + Bt — B |,
L () = AB3t® N 7AB*t® AB*t® N B*ut’ N 2B%ut®  B3ut* N ABt* ABt? N B?ut?
Pt ="g¢ 72 20 63 15 6 4 3 3

—B?ut? + B?ut.
Therefore, the series solution of (21) is acquired as

) = wo () + wi( t)_ABt4+ZBZut3+At2+B - +AB3t8+7A32t6 AB?*t>
Wbt = Wolth B walib t) == 3 Ut T BU T g6 72 20

B*ut’ N 2B3ut® B3ut* ABt3 B2ut? + Blut .
63 15 6 3 u ut. (25)
Let A~NN(ax = 2,8 =1)and B~U(a = 2, = 3).

So the approximated values of A, A%, B, B?, B3, B*, B>, B®, B, B® are obtained as follows.

5 19 65 211 665
E(A) =2,E(A*) =5,E(B) == E(BZ) =— E(B3) = ,E(BY) = - ,E(B®) = <
E(BS) = 2059 E(B") = 6305 E(E®) = 19171
7 8 9
The first moment of (25) is calculated as
Ew(w,0)] = 5t4 N 38ut? e 53ut 5u N 65t8 N 133t® 19¢t° N 211ut’ N 13ut® 65ut?
M 9 6 2 192 " 108 30 ' 315 6 24
5t3  19ut?
3 3

The first moment of (25) is shown in Figure 3.
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Figure 3. Time-dependent variation of first moment of (25)

For A~N(a = 2,8 = 1) and B~U(a = 2,8 = 3) the variance of (25) is calculated by MAPLE software.

The second moment of (25) is shown in Figure 4.

= I .

Figure 4. Time-dependent variation of second moment of (25)

5. RESULTS AND DISCUSSIONS

We plotted the graphs of the first and second moments of the temperature w(u, t) of HPETM solutions for
examples 4.1 and 4.2. Figure 1 shows the first moment results obtained by using HPETM for example 4.1.
Besides, Figure 2 shows the second moment results obtained by using HPETM for example 4.1. It is
observed from Figures 1-2 that these moments of the temperature w(u, t) decreases when the values of
space variable u increases and time t is constant. Also, we have inferred from Figures 1-2 that these
moments of the temperature w(u, t) decreases when the values of space variable u is constant and time ¢t
increases. Figure 3 shows the first moment results obtained by using HPETM for example 4.2. Figure 4
shows the second moment results obtained by using HPETM for example 4.2. It is observed from Figures
3-4 that these moments of the temperature w(u, t) increases when the values of space variable u and time
t increase.

6. CONCLUSION

In this paper, RNPDEs are analyzed by HPETM. Besides, the functions for the first and second moments
of the approximate analytical solutions of the RNPDEs have been acquired by using both normal and
uniform distributions. We have observed that the whole structures of the surface graphs that are acquired
in Maple software differ for Example 4.1. In the same way, we have deduced that the whole structures of
the surface graphs that are acquired in Maple software differ for Example 4.2. Also, the approximate
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analytical solutions of the RNPDEs have been quickly and successfully obtained by HPETM. Therefore,
HPETM is quickly, efficient and superior in obtaining the approximate analytical solutions of RNPDEs.
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