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Abstract — In this paper, it has been proven that it would be more accurate to accept Euler, Riemann-
Liouville, Caputo, and Griinwald-Letnikov methods as curve fitting or amplitude shifting methods
without derivative definition. Since these derivative methods do not cause to shift extremum points of
corresponding relations/functions to zero (the roots of relations/functions which are derived by taking
fractional order derivative such as Euler, Riemann-Liouville, Caputo, and Griinwald-Letnikov
methods).
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1.Introduction

The classical derivative was defined in time of Newton and Leipniz, and their derivative
definitions and approaches were regarded as integer order derivative. There is non-integer order
(fractional order) derivative definitions / approaches such as Euler, Riemann-Liouville, Griinwald-
Letnikov and Caputo fractional order derivatives. Due to this case, this study focused on Euler,
Riemann-Liouville, Griinwald-Letnikov and Caputo fractional order derivatives.

Isaac Newton defined the fundamentals of classical mechanics and these studies were collected in
“Philosophia Naturalis Principia Mathematica”. The main focus of this study is to define the rates of
changes of functions (Newton, 1687). The first important and detailed work in differential calculus
and differential geometry was done in (L’Hépital, 1696; L’Hopital, 1715).

The derivative of any function can be symbolized as follow like Leipniz, Lacroix, Newton
n

ﬁf(x),ne N,x €ER

mhich means that it symbolizes n derivative of function f(x). Newtonian derivative can be regarded
as integer order derivative (Fig.1), so, there should be non-integer order derivative.

<4 Integration———
-« o o o

f(x)s —f{I] f{x} f{ff];

Derlvatlvc

Figure 1. Integer order derivative.
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Some researchers considered the order of derivative as non-integer such as Euler, Riemann-Liouville,
Griinwald-Letnikov and Caputo. The definitions of fractional order derivatives such as Euler,
Riemann-Liouville, Grilnwald-Letnikov and Caputo are given as follows:

Euler fractional order derivative (Das, 2011): % f(x) = %x"‘“ where neN, aeR, f(x)=x".
Riemann-Liouville fractional order derivative (Das, 2011):
« 1 /d\*[ f@©
aDx f(x)=m<a) dt m—-1<a<n

x_ta—n+1 ’
J (x=1)

Caputo fractional order derivative(Das, 2011):
X

f(®)
'n—a) (x_t)a—n+1dt' m—1D<a<n

D f(x) =

Griinwald-Letnikov fractional order derivative (Das, 2011):
a _ lim 1 [t_—a] i (a . t—a
WD fG) = TR (1) (7) £ — i), where [=%] €

The aim of this study is to try to explain that most of the definitions of fractional derivatives given
in the literature (except Karci's definition) are not valid based on the concept of derivative.

2. Validities of Fractional Order Derivatives’ Definitions

There are some important axioms or postulates about integers or countable number of steps. The
peano’s axioms (postulates) are good examples for this concept (Hatcher, 1982). The Peano’s axioms
were written from (Hatcher, 1982), and Peano’s axioms can be written in two different ways:

Peano’s Axiom (Peano postulates): S is a set whose properties are:
a) S has a distinguished element which is called "1'.
b) There exists a distinguished set map 6:S—S.
C) d is one-to-one (injective).
d) There does not exist an element seS such that 5(s) = 1.
e) 1eS
f) Assume RcS such that if reR, then 8(r)eS (8(r) is successor of r). Finally, R = S.

The Peano’s axiom demonstrates that all step in this axiom should be an integer number, not a real
number, successive events can be symbolized by using integer or natural numbers, not real numbers,
i.e. the successive number of 0.1 is unknown. Peano’s axioms (postulates) are very nice examples for
this case; it is not a correct method in mathematics to accept integers order for derivative until the
point where it works for you, and to accept order of derivative as real numbers after that point because
it works for you. The same reasoning can be done for mathematical induction, since it requires steps.
The mathematical induction is an applications of modus ponens successively many times. By using
this idea, it can be verified that some fractional order derivative definitions have deficiencies (not
sound and complete).

Euler Fractional Order Derivative: Assume that f(x)=x", and its derivatives are

2 f) = nxnt
) dx

d _ n-2
Wf(x) =nn—1x
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il = D(n—2)x"3
g 00 == D=2

d — n—4
Wf(x) =nn—1n-2)(n—3)x

k
%f(x) =n(n—1)(n—-2)(n—3)x"Fk

k™ step of derivative is regarded as a real number and fractional order derivative is defined as follow
a

ddx“ fX)=nn—1)(n-2)(n—-3)x" ¢

and coefficient of x™* is regarded as Gamma function such as I'(n+1)=n!, since the order of derivative
is integer order up to k™ step, and k" step order is regarded as real; this is not meaningful assumption
in mathematics, since the concepts handled in mathematics should be based on concrete acceptances
and evidences. At the first step, if the order of derivative is real and this case goes on until k™ step, the
orders of derivative are oy, o, as, ..., ak. The derivatives up to k™ step can be listed as follows

a
dx f(x) = nx"‘%
d%z d%
dx @z <dxa1 f(x)> = Tl(?’l — al)xn—(a1+a2)
da%s d%z

d*
< dx flx )> =nn — a;)(n — ay)x™ (@1+a+as)

dx%s\ dx%

d% | d% [ d%
dx%s | dx% \ dx@

d 4
( dx 1 flx )) =nn—a)(n—(ay +a))(n— (ay + a, + a3))x”‘2i=1 @i

d%k d% [ d% [ d*2 [ d*“ nk Zi sk
— Nn—2i=1 X
dx | dxea | das \ dx®a \ dao f( ) .. | =n n-— aj | x i=1

i=1 j=1

At the k™ step, the term x™ ¥ turns into X" % and the coefficient of this term is not Gamma
function; itisn Hﬁ‘zl(n —Xj=1 aj). Both of these cases are the deficiencies of this method and they
are the result of arbitrary assumption.

Riemann-Liouville Fractional Order Derivative: The Riemann-Liouville fractional order
derivative is defined as follow

Daf(x)—;indet n-1)<a<n
@ CT(n—a)\dx) ) (x—p)e-m+1™ B

The integration can be formulated as follow (a=1)

D f = M (h)Zf(x—lh)

Lim Z Flx —ih).h

_n—)OO
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Figure 2. Riemann sum (Riemann integral when h—0)

Fig.2 illustrates this case (Riemann Integral), if h = Ax = % then
x—a

-1
aDx fx) = f(x—t)dt
0
If u=x-t then dx=-du

am*ﬂ@=ffWde

an_lf(x)==‘[ff(u)du
When =2, then
am”ﬂm=f@—Mﬂww
When a=3, then
am*ﬂm=%fﬁ—w%wwu
When a=4, then
am”ﬂm=%fﬁ—wvwwu

[oc— w0 f(u)du = % [X (= w1 f(wdu, when o=n.

1
(n—-1)!

an_nf(x) =

When a € R, this integration is called as Riemann-Liouville fractional integration
(differintegration). All steps followed in above algebraic processes are integer, not real, the Riemann-
Liouville fractional integration was defined based in this algebraic processes. The Riemann-Liouville
fractional order derivative is to take the derivative of this integration based on Newtonian derivative.
That’s why, all steps follow are integer, at any arbitrary step, this cannot be turned into real; this is the
deficiencies of method and it needs proof based on real numbers, not integer and integer-based
assumptions. The mathematical induction, modus ponens, Peano’s axioms philosophy is also valid for
the process of obtaining Riemann-Liouville fractional differintegration.
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Riemann-Liouville Fractional Order Derivative: The Riemann-Liouville fractional order derivative

is

f®

CD a —

D fO) = ro =gy | o e
a

The similar reasoning of Riemann-Liouville fractional order derivative can be done for Caputo
fractional order derivative. The mathematical induction, modus ponens, Peano’s axioms philosophy is
also valid for the process of obtaining Riemann-Liouville fractional differintegration.

dt, m—1)<a<n

Griinwald-Letnikov fractional order derivative: The Griinwald-Letnikov fractional order derivative
was obtained with similar manner like Riemann-Liouvile and Caputo fractional order derivatives.
a lim 1
Dy f) =, Y [h]( () f@x = in), where [=2] € z
The definition for derivative is

lim f(x) = fx—-h)

af(x):hao h
—f(x—h —h) — f(x — 2h
llm f/(x)_f( ) lim f&) {l(x )_f(x ) hf(x )
f()
dz 0 h T hoo0 h

L pw =, L - 2p -+ f - 2m)

! _ ! _h ! _h _ ! _Zh
_f(x): i PO~ by LT[R [ 2
dx3 -0 h h—-0 h
— L e = M (P~ 3£ — ) + 3 Cx — 2) + f(x — 31))

o0 = 7 ) (S (e m)

=0

Griinwald-Letnikov fractional order derivative was defined by assumption of derivative order as
real number. This is same as Euler, Riemann-Liouville and Caputo fractional derivatives. This is also
some deficiencies of Griinwald-Letnikov fractional order derivative.

4. Conclusions

Peano’s postulates are valid for natural numbers, mathematical induction is also valid for integer.
Modus ponens is the origin of mathematical induction, so, the rules valid for Peano’s postulates,
mathematical induction, modus ponens do not necessarily apply to real numbers and do not
necessarily valid for real numbers. The definition of fractional order derivative given in (Karci, 2013a;
Karci, 2013b; Karci, 2015a; Karci, 2015b; Karc1 and Karci, 2020) is valid, and it is not based on
integer-based algebraic processes. The applications of this definition can be found in (Karci, 2016;
Karci, 2017).

Euler, Riemann-Liouville, Caputo and Griinwald-Letnikov methods which are fractional order
derivative definitions, are not actually derivative definitions, except that the step number is accepted as
a real number in Newtonian derivative definition after some derivation steps. The handicaps of these
methods are to accept derivation order as real number after some derivation steps and assume the
coefficient as Gamma function.
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