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ABSTRACT

This paper shows the existence of some Ricci-flat warped f-Product Finsler metrics. We investigate the general
structure of this newly defined warped f-Product Finsler metrics, indeed we identify the metric form, spray
coefficients of geodesics of the metric, and also the Ricci curvature in regards to the a; and a, Riemanian metrics.
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Oz

Bu makalede baz1 Ricci-Diiz biikiilmiis f-Carpimli Finsler metriklerinin varliklar1 gosterilmektedir. Bu yeni
tanimlanan biikiilmiis f-Carpimli Finsler metriklerinin genel yapisini arastirarak, metrik formunu, metrigin
geodesiklerinin sprey katsayilari ve a; ve  a, Riemanian metriklerine bagli Ricci egriliklerini belirledik.
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I. INTRODUCTION

In geometry examples of semi-Riemannian manifolds with interesting curvature properties could often
be obtained by using warped product structures, [1-3]. The warped product of (semi-)Riemannian manifolds is
used in constructing new geometric models in theoretical physics in (semi-)Riemannian geometry. While,
Robertson-Walker space-time, for example, is the relativistic model of the flow of perfect fluid, Schwarzchild
geometry is the simplest relativistic model of universe with a single star. A model for the solar system could be
better given by this than any Newtonian model. The simplest model for the black hole could also be given, [3].

In this paper we construct a newly defined warped product, namely the warped f-product of Finsler
manifolds by the help of a warping function f and also the warped f-product Finsler metrics. We describe the
geometry of the warped product Finsler manifold (M X¢ N, F) by using the geometry on M and N, their Cartan

torsion, and the properties of the warping function. We use this construction and we obtain a new warped product
Finsler metric space as defined below.

Definition: Let (M;, a;) be arbitrary Riemannian manifolds for i = 1,2, and let M = M; X M, be the product of
two manifolds M; and M,. We assume that f is an arbitrary C* warping function defined below

f+[0,00) x [0,00) = [0,00)
satisfying the following three conditions:

i. fQs,At) = Af(s,t), (1> 0), @
i. f(s,t)#0, if (s,t)#0, (2)
iii. f(s,t) =sp(p), p= E for some ¢. ©))

For x € M, and y € T, M, we define the warped f-product Finsler metric F,

az(XZxJ’z)r)
ay(x1,y1)

F = a;(x,y) \/d’ (‘P(xl)z[

wherex = (x1,%) y =y1 @ yo, and T, M =Ty, o) [My X M,] =T, M; @ T, M,.

Clearly, F has the following properties:

@ F(x,y)=0, and F(x,y) =0iff y=0, 4)
(b) F(x,Ay) =AF(x,y), A>0, (5)
() F(x,y)is C* onTM\ {0}. (6)

In this paper in Lemma 3.1 we compute the positive definite warped f- product Finsler metric and its
inverse and we find additional conditions on f = f (s, t) under which the matrix g;; = % [F? 1,y is positive
definite. We take standard local coordinate systems (x%,y%) in TM; and (x"‘, yP ) in TM,. We express

p _ a a
a1 (1, y1) = VGap (1 )yyP,  and  ay(x5,32) = [Gap(x2)yyF, where y, = y®——, y, = y“——=

2.2

praz
2
ay

and p = for a standard local coordinate system (x!,y") = (x%x%y%y#f) inTM.
Then in Lemma 3.2 we characterize the geodesic coefficients of the spray of warped f-product Finsler
metrics and in Theorem 1.1 we compute the Ricci curvature of the warped f- product Finsler metrics.

Riemannian metrics and Finsler metrics differ since Riemannian metrics are quadratic metrics, whereas
Finsler metrics have no restriction on the quadratic property. Fortunately, one can naturally extend the Ricci
curvature Ric in Riemannian geometry to Finsler geometry and study Finsler metrics F = F(x, y) with isotropic
Ricci curvature Ric = Ric(x,y), also called Einstein metrics, i.e., Ric = (n — 1)oF? , where ¢ is a scalar function
in x on an n-dimensional manifold. There are Einstein metrics in a certain form that are Ricci-flat. It is still an
open problem how to characterize warped f-product Finsler metrics as Einstein. Next theorem is useful in studying
such an open problem. In this paper we first investigate the general structure of this newly defined warped f-
product Finsler metrics.
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Theorem 1.1  Let (M, o;) be arbitrary Riemannian manifolds for i = 1,2, and M = M; X M,, product of
two manifolds M, and M,. A warped f-product Finsler metric F

az("z»)’z)r)
a;(x1, 1)

F= a;(x;,¥1) \/‘P (¢(x1)2[
is Ricci flat, but not flat, for x = (x;,x,) € M,y =y, @ y, € T, M, ifand only if Ric; and Ric, satisfy the

following equations:
Fad

Ric, = 2(pA, — A)[a?] a[lng),ag® — 2sA[lng)l,aeg® — 2sA[lng],a[g*],e
+ [In@l,ayag® (4pB, — 2(p4, — A) = 2B(n, — 1))
+ 4s[lng]a[Inglag®{pA,(C —1—A—2B) + A(A+2pB,)- AB(n, — 1)}
— pll (I1 — s7*M){pA,, — 2pB,, + (n, — 3)B,} — s*pNII(A,, — 2B,,)
+ 2(A—2B+20)0*{p*(A,, — 2B,,) + (n; — 1)pB,}
+ 2BI*{(pA, — A) — 2pB, + (n, + 1)B}
2 2
— 11*{(pA, — A)" —4(pB, — B)" + 2(pA, — A)(2pB, — B) — (n, — 1)B?
— 2p*C,(A, — 2B,) — 2pB,C}, @)
where Ric, is the Ricci curvature of the Riemannian metric a4 (x;,y;), and
Ric, = [In¢],aay®y4y® (2pC, +C)
+  [Ing]a[lng),ag**4sy® (p A,C—A(C—2p Cp))

—(3C, + 2pC,,)(p(1 — (sID™M) + (sI)™*N) + 4p*C,, (A — 2B + 2C) } -

+ yanz { 5
—2p*C,(A, — 2B, +2C,) + 2p C,(3A — 4B + 4C) — 2p B,C + C(2B — ()
where Ric, is the Ricci curvature of the Riemannian metric a,(x,, y,), and

P2¢¢p¢pp C — ¢¢p‘P¢?) +pPPpp
24(p—pdpp)’ (p) 2A

— PP -
AP = S5m0g,y po) =

2,2
praz

Alp) = ¢¢p _pd)pz + 2p¢¢pp’ p= aZ

M= [a?lxay?®, N =¢? [a?l,ay® 1 =2[Ing]l.y?,
Example 1.1. [4]  When we choose f(s,t) as given below

1
1+e€

1
f(s,t) = {s +t+e(sk+ t")E},
where € is a nonnegative number and k is a positive integer, we get an example for the warped f-product Finsler
metric.

Il. PRELIMINARIES

A nonnegative scalar function F = F (x, y) defined on the tangent bundle TM™ is a Finsler metric on
a manifold M™ where x, a point in M™ and 1y, a point in T, M™, namely a tangent vector at x. The
characterization of geodesics for a Finsler metric F = F (x,y) in local coordinates are given by
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! + ZG"( dx) =0
dt? ) T

where g% = g"(x,¥), gij = 9;;(x,¥), F>=F*(x,y), gi;j(x,y) = (%Fz)yiy]'! and
G = 2g"{ [F?] e, y* = [F2)1 ). )

The spray G of F is a vector field defined by using local functions G on TM™ as follows

a i 0

— i
G_yﬁ_ 6_y‘

These local functions G! = G (x,y) are called spray coefficients of F for the spray G. For any x €
M™ and y € T, M™ \{0}, the Riemann curvature R,: T, M — T, M" is defined by R,(u)=
R (x,y) uk >

axt

x » Where

dG! . 9%G! jaZGi 0G! aG/

Ry =2 -yl — 26— —————.
k axk 7 6x16yk+ dylayk oy ayk

The Ricci curvature is given by
aGc™ . 0%°G™ . 9%G™ aG™ oG’
-y — + 267 — - c .
axm dxJoym dyJoym™  dyJ dy™
Definition: Let (M3, F,) and (M,, F,) be given Finsler manifolds. Then a Finsler metric F on M = M; X M,
is called a product Finsler metric of F, and F, if at any point x = (x,x,) € M, we have

F(x,y) = {F1(x1rY1): ify=y@00 € T,M
' F,(x2,2), if y=0@y, € T,M’

where T,M =T, @ T,,. Inthis case, (M, F) is called a product Finsler manifold of (My, F;) and (M,, F;).

Ric =2

Unfortunately, there is no canonical way to define product Finsler metrics on the product manifold. In the
case that the Finsler metrics are Riemannian, we define the product Finsler metrics in the following way below.

Definition:  Let a; and a, be Euclidean norms on vector spaces V; and V,, respectivelyand V =V, @ V,. Let
f:[0,00) X [0,00) — [0,0) be a C* function satisfying

. F(As,At) = Af (s,t), (A > 0)
i, F(s,t) 0, if (st) % 0.

We define a function F: V — [0, ) by

FO) = Vf(a G2 [a:(7:)12),
wherey =y, @y, €V, @ V,. F = F(y) has the following properties:

(@ F(y)=0 forany y eV, and
F(y) =0ifandonly if y = 0;
(b) F(Ay) =AF(y), foranyy € Vand 1 > 0;
(c) Fis C*® onV\ {0}
Letn; = dimV;, fori = 1,2, dimV =n,with n =n, + n,, and the ranges of indices are given below,
1< ab,c <n4 n+1<apBy<n 1< i,j,k <n

We let {b,},{b,} and {b;} be the bases for V;,V, and V, respectively. We express

@ (31) = VIwy®y’, and  @;(72) = [Gapy©yP,
where y; = y®b,,and y, = y*b,, then g;; = % [Fz]yiyj are given by
_ Gll GlZ]
(gij) - [621 Gy (10)
where
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Gll = chssyayb + fsg_ab' 621 = szf}_}ayﬁ’
G, = Zfstj_/aj_/g, Gyp = zftt}_’a}_’ﬁ + ftg_aﬁ'

and Y, = Gapy?, Vo = gaﬁyﬁ. By the elementary argument, one can see that (g”-) is positive definite if and only
if (s, t) satisfies the following conditions i) and ii) given below,

i) fofe >0,fi +2sf;s >0,f, +25f; >0 (12)
ii) fsfe=2f fse > 0. (12)
We let Dg;, = det(gap), Dap = det(gaﬁ), then
det(gy; ) = h([a1]*[@2]* )Dgp Dag, (13)

where h = (f)™ ' (f)" "fsfe = 2 f fae)

By using the above construction, for any given pair of Riemannian manifolds (M,, a;) and (M,, ;) one
can construct uncountably many product Finsler metricson M = M; x M,. We just take a function f as in (12)
and we define

FO,y) =V f(ay ey, y)I2, [, (0, ¥2)12),

where (x,,x,) € M and y; @ y, € T,M. F is called a reversible warped f- product Finsler metric on M.

I1l. PROOF OF THEOREM 1.1

Let F be agiven warped f- product Finsler metric on M as given below,

az(XZxJ’z)r)
ay(x1,y1)

F = a;(x,y) \/d’ (‘P(xl)z[

where each (M;, «;) is an arbitrary Riemannian manifold for i = 1,2, and M = M; X M, , the product manifold,
with an arbitrary C* warping function f

f+[0,00) x [0,00) = [0,)

satisfying the conditions in (1), (2) and (3). Next, we find additional conditions on f = f(s,t) under which the
matrix given below,
1 2
9y = 5 [F7 ey

is positive-definite. We take standard local coordinate systems (x%,y%) in TM; and (x%y?) in TM,. We
express

a1(x1, J’1) =V Ja(x)y%y?, and  a, (xz, Y2) = [Gap(x; )yeyb,

2.2

praz
2
ajy

where y; = y° 667, Y, =y° ai_a and p = for a standard local coordinate system

(xhyh) = (x%x%y%yP) inTM.

Lemma 3.1. Let (M;,a;) be arbitrary Riemannian manifolds for i = 1,2, and M = M; X M, , a product
manifold. For a warped f — product Finsler metric F given below

az(xz')’z)]z)
a1 (x4, y1)

F= a;(x;,y) \/d’ (‘P(x1)2[
where x € M,y € T, M,and x = (x,x,),y =y, D y,, we have

) =[c &) 0

[}
iy
-

|

Zs_lpz(ppp)_’a}_]b + (¢ _pd)p)g_ab' 621 = _23_1(P2p¢pp37a37b'
Gy = _25_1(p2p¢pp37a37[f' Gy = 25_1§04¢pp37a37ﬁ + §02¢pg_aﬁ.

PASK)
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and

@ =[% %]

(14)

Gll — A—I (Ag—ab + S_lByayb),
G12 = A1 (S—lcyayﬁ')’

621 — A—l (S—lcyayﬁ)’
G22 = A1 (S—lEyayﬁ_l_ (p_ZDg_“ﬁ),

dbp—pdp +200P 0

where A= )
¢—pdp
C= 2p¢p,
E = — 2¢pp (P-p¢p) ,
¢p

Proof. Using (g) = (3F z)yzyj

basic application of linear algebra and using the following, the inverse matrix form is given by

(gij)_l =

B= — 292¢p¢pp,
o—poPp
D = bPpp— P¢p +29¢¢pp

b

A= ¢p,—pd,° +2pPP,,.

@ =% &

~and the conditions in (1), (2) and (3), we easily obtain (13). Moreover, by using

Gll — -1 (A ~ab + S—lByayb)

G12 — A—l (S—ICyayﬁ

621 — A—l (S—lcyayﬁ)
622 — A—l (S—lEyayB+ QD_ZDg_aB)

and we also have the following equations we got while computing the inverse matrix,
1 A(¢ — po,) =4,
b.] 24p*¢,, + 2Bp*d,, + B(¢ — pd,) — 2Cp2,, =
. — 24p,, — 2Bpd,, + 2Cpd,, + Ch, =0,
d.] 2Cp*¢,, + C(¢ — pp,) — 2Dpep,, — 2Ep?¢p,, =0
le.] — 2Cpd,, + 2Dy, + 2Epp,, + E¢, =0,
[f.] D¢, =A.

[a.
[
[c
[

The coefficients A, B, CD, E and A in (gl-]-)_l can be found in terms of ¢ by using the above equations.

Lemma 3.2. Let (M;, a;) be arbitrary Riemannian manifolds for i = 1,2, and M = M; x M, , a product

manifold. For a warped f — product Finsler metric F given below

=) J¢ ((p(x1)2 [“z(Xz'yz)] )

ay(x1,¥1)

where x € M,y € T, M, and x = (x1,x,),y =y @ y,, the spray coefficients of (M, F; @ F,) are given as

follows,
a) For (M, F), 1<ab<n,, G*= G*—sA[lng]»g* + Blly®

[ 2P
A — PPp B — pPpp
) 2(¢-pgp)’ ) 24(¢=pdpp)’

b) FOI’ (Mz,Fz), n1+1S(Z,BSTl, Gaz éa‘}‘cnya

¢¢p_P¢;2) +pPPpp
2A '

Clp) =

Proof. By using (9), we have
@) G* = gY[F]my y™ — [F2, j=bB 1<ab<n, m+1<af<n

(15)

(16)

(A7)
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[Fz]xmyb A L Z{S_lpzd’ppM =57l pgp,N — p2¢ppl'l}37b
+ 4’(¢ - p(;bp)éb - Zspd)p [11’1 (p]xb
where y, = g v®. By using (17) and Lemma 3.1, we obtain (15). By using (9), we have

b) Ga:%gaj[Fz]xmy]‘ ym_ [Fz]xj! jzb’ﬁ’ 1Sa,b§n1,
m+l<af<n (18)
F2lm g Y™ = [F?] 207 {_S_lp Do =5~ 9N }y
m - B =
[F= Ly * + (p¢pp + ¢p)n g
+ 4(p2¢p6_ﬁ' where yﬂ = g—aﬁya.
By using (18) and Lemma 3.1, we obtain (16) where M = [a;%],ay?, N = ¢? [a;?],ay%, and
1 = 2[In @] ay®.
Forany x € Mandy € T, M \{0}, the Riemannian curvature R, : T, M, — T, M is defined by
j a
Ry(u) = Ry(x, y)u* = |, where
i _ pi a6t 0%t m_0%6!__ o' ac™
Rk - Rk +2 axk axmyky + 26 6ym6yk aym ayk
We construct the warped f-product Finsler space that is Ricci-flat, but not flat:
0= Ricy +2Q5 — Qnay™ + 20" Qe — QmQa (19)
Q% = [Ingl,ag®(1 - 25pA,) — sAlINP],a,ag®® — sA[lng] g a
+ pB,I(I1 — s™*M) + 2B[Ing],a,ay*y%, (20)
aay™ = 2[In@lc,ayy{(pA, — A) — 2(pB, — B) + (n, — 1)B}
+ pll(I1 — s7*M) {p(A4,, — 2B,,)(1 + s~*IIN) + B,(n, — 1)} + s7'B,IIN(n, — 1) (21)
Q" Q%a = — 25A[Ing)ya[lng) ag** {(pA, — A) = 2 (pB, — B) + B(n, — 1)}
+ M*(A— 2B +2C) {p*(A,, — 2B,, ) + (n, — 1)pB,}
(22)

Bn*{(pA, — A) — 2(pB, — B) + (n, — 1)B},

—+

4s[Ing]ye[lng],ag*®{2(pA, — A)B — pA,C}

mQa

+ m2(2(pA, — A) (B - 2pB,) +(pA, — A)* + (n, — 1)B?

+ 2p2C,(A, —2B,) +2pB,C + 4 (pB, —B)"} (23)
wherem =¢,B8, 1<a,c,d<n, n+1<p<n
We plug (20)-(23) into (19), to obtain (7)
0 = Ricz+2Q% — Qmay™ +2Q"Qme— QmQe, (24)
Q% = sT'C,NII, (25)

sTINIT {(n, + 2)C,+ 2pC,p} + (4pC, + 21,0)[Ing) aay?y®
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+ pll(I1 —s7*M){ (ny +2)C, + 2pC,,}
+ (ny +2)s7YpC,MII (26)
QmQ%a = (ny+2)pC,M*(A+2C + 2B) + 2p*C,,M1*(A+ 2C — 2B)
+ B(2pC, + n,C)M?
- ZsA(ZpCp +n,C)[Ing], a[Ing]ag®, 27
2.Qm = 2p*C,I1*(A, — 2B,) + (2pC, + C)2 n? + (n, — 1)C?m?
— 4spA,C[Ing] a[lng]leg®® + 2pB,CII*, (28)
We plug (25)-(28) into (24), and we obtain (8).
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