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ABSTRACT 

This paper shows the existence of some Ricci-flat warped f-Product Finsler metrics. We investigate the general 

structure of this newly defined warped f-Product Finsler metrics, indeed we identify the metric form, spray 

coefficients of geodesics of the metric, and also the Ricci curvature in regards to the 𝛼1 and  𝛼2 Riemanian metrics. 

Keywords-Warped f-Product Finsler Metrics, Ricci Curvature, Sprays, Riemanian Curvature 

 

ÖZ 

Bu makalede bazı Ricci-Düz bükülmüş f-Çarpımlı Finsler metriklerinin varlıkları gösterilmektedir.  Bu yeni 

tanımlanan bükülmüş f-Çarpımlı Finsler metriklerinin genel yapısını araştırarak, metrik formunu, metriğin 

geodesiklerinin sprey katsayıları ve 𝛼1 ve   𝛼2 Riemanian metriklerine bağlı Ricci eğriliklerini belirledik. 

Anahtar Kelimeler- Bükülmüş f-Çarpımlı Finsler Metrikleri, Ricci Eğrilikleri, Spreyler, Riemann Eğriliği 
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I. INTRODUCTION 

In geometry examples of semi-Riemannian manifolds with interesting curvature properties could often 

be obtained by using warped product structures, [1–3].  The warped product of (semi-)Riemannian manifolds is 

used in constructing new geometric models in theoretical physics in (semi-)Riemannian geometry. While, 

Robertson-Walker space-time, for example, is the relativistic model of the flow of perfect fluid, Schwarzchild 

geometry is the simplest relativistic model of universe with a single star.  A model for the solar system could be 

better given by this than any Newtonian model. The simplest model for the black hole could also be given, [3]. 

In this paper we construct a newly defined warped product, namely the warped 𝑓-product of Finsler 

manifolds by the help of a warping function f and also the warped f-product Finsler metrics.  We describe the 

geometry of the warped product Finsler manifold (𝑀 ×𝑓 𝑁, 𝐹) by using the geometry on M and N, their Cartan 

torsion, and the properties of the warping function. We use this construction and we obtain a new warped product 

Finsler metric space as defined below. 

Definition: Let (𝑀𝑖, αi) be arbitrary Riemannian manifolds for  𝑖 = 1, 2, and let 𝑀 = 𝑀1 ×  𝑀2  be the product of 

two manifolds 𝑀1 and  𝑀2.  We assume that 𝑓 is an arbitrary 𝐶∞ warping function defined below 

𝑓 ∶ [ 0, ∞)  ×  [ 0, ∞) ⟶ [ 0, ∞) 

satisfying the following three conditions: 

𝑖.     𝑓(𝜆𝑠, 𝜆𝑡) = 𝜆𝑓(𝑠, 𝑡),    (𝜆 > 0),                                                                                                  (1) 

𝑖.    𝑓(𝑠, 𝑡) ≠ 0,   if   (s, t) ≠ 0,                                                                                                           (2) 

𝑖𝑖𝑖.  𝑓(𝑠, 𝑡) = 𝑠𝜙(𝜌),   𝜌 =
𝑡

𝑠
   for some 𝜙.                                                                                         (3) 

 

 For  𝑥 ∈ 𝑀, and 𝑦 ∈ 𝑇𝑥 𝑀,  we define the warped f-product Finsler metric F, 

𝐹 =  𝛼1(𝑥1, 𝑦1)  √𝜙 (𝜑(𝑥1)2 [
𝛼2(𝑥2, 𝑦2)

𝛼1(𝑥1, 𝑦1)
]

2

)

 

 

where 𝑥 = (𝑥1, 𝑥2)  𝑦 = 𝑦1  ⊕  𝑦2,  and   𝑇𝑥  𝑀 = 𝑇(𝑥1,𝑥2)  [𝑀1  × 𝑀2] ≅ 𝑇𝑥1
𝑀1  ⊕  𝑇𝑥2

𝑀2. 

Clearly, 𝐹 has the following properties: 

(a) 𝐹(𝑥, 𝑦) ≥ 0,   and  𝐹(𝑥, 𝑦) = 0 iff   𝑦 = 0,                                                                                                 (4) 

 (b)   𝐹(𝑥, 𝜆𝑦) = 𝜆 𝐹(𝑥, 𝑦),    𝜆 > 0,                                                                                                                        (5) 

 (c)    𝐹(𝑥, 𝑦) is  𝐶∞  on 𝑇𝑀\ {0}.                                                                                                                          (6) 

In this paper in Lemma 3.1 we compute the positive definite warped 𝑓- product Finsler metric and its 

inverse and we find additional conditions on 𝑓 = 𝑓(𝑠, 𝑡) under which the matrix  𝑔𝑖𝑗 =  
1

2
  [𝐹2 ]𝑦𝑖 𝑦𝑗  is positive 

definite.  We take standard local coordinate systems (𝑥𝑎, 𝑦𝑎)   in 𝑇𝑀1  and (𝑥𝛼 , 𝑦𝛽)   in 𝑇𝑀2.  We express 

 𝛼1(𝑥1, 𝑦1) = √�̅�𝑎𝑏(𝑥1 )𝑦𝑎𝑦𝑏 ,       and      𝛼2(𝑥2, 𝑦2) = √�̅�𝛼𝛽(𝑥2 )𝑦𝛼𝑦𝛽 ,  where  𝑦1 = 𝑦𝑎 𝜕

𝜕𝑥𝑎 ,   𝑦2 = 𝑦𝛼 𝜕

𝜕𝑥𝛼 

and  𝜌 =
𝜑2𝛼2

2

𝛼1
2     for a standard local coordinate system  (𝑥𝑖, 𝑦𝑖)   =  (𝑥𝑎, 𝑥𝛼 , 𝑦𝑎 , 𝑦𝛽)    in 𝑇𝑀.   

Then in Lemma 3.2 we characterize the geodesic coefficients of the spray of warped 𝑓-product Finsler 

metrics and in Theorem 1.1 we compute the Ricci curvature of the warped 𝑓- product Finsler metrics.   

Riemannian metrics and Finsler metrics differ since Riemannian metrics are quadratic metrics, whereas 

Finsler metrics have no restriction on the quadratic property. Fortunately, one can naturally extend the Ricci 

curvature Ric in Riemannian geometry to Finsler geometry and study Finsler metrics 𝐹 = 𝐹(𝑥, 𝑦) with isotropic 

Ricci curvature 𝑅𝑖𝑐 = 𝑅𝑖𝑐(𝑥, 𝑦), also called Einstein metrics,  i.e., 𝑅𝑖𝑐 = (𝑛 − 1)𝜎𝐹2 , where σ is a scalar function 

in 𝑥 on an n-dimensional manifold. There are Einstein metrics in a certain form that are Ricci-flat. It is still an 

open problem how to characterize warped 𝑓-product Finsler metrics as Einstein. Next theorem is useful in studying 

such an open problem. In this paper we first investigate the general structure of this newly defined warped 𝑓-

product Finsler metrics. 
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Theorem 1.1    Let (𝑀𝑖 , αi) be arbitrary Riemannian manifolds for  𝑖 = 1, 2,  and  𝑀 = 𝑀1 ×  𝑀2,   product  of 

two manifolds 𝑀1 and  𝑀2.  A warped 𝑓-product Finsler metric   F  

𝐹 =  𝛼1(𝑥1, 𝑦1)  √𝜙 (𝜑(𝑥1)2 [
𝛼2(𝑥2, 𝑦2)

𝛼1(𝑥1, 𝑦1)
]

2

)

 

 

is Ricci flat, but not flat, for 𝑥 = (𝑥1, 𝑥2) ∈  𝑀, 𝑦 = 𝑦1 ⊕  𝑦2 ∈  𝑇𝑥 𝑀,  if and only if  𝑅𝑖𝑐1  and 𝑅𝑖𝑐2 satisfy the 

following equations:  

  𝐑𝐢𝐜1 =  2(𝜌𝐴𝜌 − 𝐴)[𝛼1
2]𝑥𝑎[𝑙𝑛𝜑]𝑥𝑑�̅�𝑎𝑑   −    2𝑠𝐴[𝑙𝑛𝜑]𝑥𝑎𝑥𝑑�̅�𝑎𝑑  −  2𝑠𝐴[𝑙𝑛𝜑]𝑥𝑑[�̅�𝑎𝑑]𝑥𝑎                

                          +   [𝑙𝑛𝜑]𝑥𝑑𝑥𝑎�̅�𝑎𝑑 (4𝜌𝐵𝜌 − 2(𝜌𝐴𝜌 − 𝐴) − 2𝐵(𝑛1 −  1)) 

 +   4𝑠[𝑙𝑛𝜑]𝑥𝑑[𝑙𝑛𝜑]𝑥𝑎�̅�𝑎𝑑{𝜌𝐴𝜌(𝐶 − 1 − 𝐴 − 2𝐵)  +   𝐴(𝐴 + 2𝜌𝐵𝜌) –  𝐴𝐵(𝑛1 − 1)} 

 −  𝜌𝛱 (𝛱 − 𝑠−1𝑀){𝜌𝐴𝜌𝜌 − 2𝜌𝐵𝜌𝜌 + (𝑛1 −  3)𝐵𝜌}  −  𝑠−1𝜌𝑁𝛱(𝐴𝜌𝜌 − 2𝐵𝜌𝜌) 

                        +   2(𝐴 − 2𝐵 + 2𝐶)𝛱2{𝜌2(𝐴𝜌𝜌 − 2𝐵𝜌𝜌) + (𝑛1 −  1)𝜌𝐵𝜌} 

                       +   2𝐵𝛱2 {(𝜌𝐴𝜌 −  𝐴) −   2𝜌𝐵𝜌 + (𝑛1 + 1)𝐵} 

      −   𝛱2 {(𝜌𝐴𝜌 −  𝐴)
2

− 4(𝜌𝐵𝜌 −  𝐵)
2

+  2(𝜌𝐴𝜌 −  𝐴)(2𝜌𝐵𝜌 −  𝐵) − (𝑛1 − 1)𝐵2 

                         −   2𝜌2𝐶𝜌(𝐴𝜌 − 2𝐵𝜌) − 2𝜌𝐵𝜌𝐶},                                                                                                     (7) 

where 𝐑𝐢𝐜1  is the Ricci curvature of the Riemannian metric 𝛼1(𝑥1, 𝑦1),  and      

    𝐑𝐢𝐜2   =     [𝑙𝑛𝜑]𝑥𝑎𝑥𝑑  𝑦𝑎𝑦𝑑𝑦𝛼 (2𝜌 𝐶𝜌 + 𝐶)            

              +     [𝑙𝑛𝜑]𝑥𝑎[𝑙𝑛𝜑]𝑥𝑑�̅�𝑎𝑑4𝑠𝑦𝛼 (𝜌 𝐴𝜌𝐶 − 𝐴(𝐶 − 2𝜌 𝐶𝜌))  

     +    𝑦𝛼𝛱2  {
− ( 3𝐶𝜌 +  2𝜌𝐶𝜌𝜌)(𝜌(1 − (𝑠𝛱)−1𝑀) + (𝑠𝛱)−1𝑁) + 4𝜌2𝐶𝜌𝜌 (𝐴 − 2𝐵 + 2𝐶)

  − 2𝜌2𝐶𝜌(𝐴𝜌 − 2𝐵𝜌 + 2𝐶𝜌) +  2𝜌 𝐶𝜌(3𝐴 − 4𝐵 + 4𝐶) − 2𝜌 𝐵𝜌𝐶 + 𝐶(2𝐵 − 𝐶)
}             (8) 

where 𝐑𝐢𝐜2 is the Ricci curvature of the Riemannian metric 𝛼2(𝑥2, 𝑦2), and                                              

          𝐴(𝜌) =  
𝜌𝜙𝜌

2(𝜙−𝜌𝜙𝜌)
,                 𝐵(𝜌) =  

𝜌2𝜙𝜙𝜌𝜙𝜌𝜌

2𝛥(𝜙−𝜌𝜙𝜌𝜌)
,       𝐶(𝜌) =  

𝜙𝜙𝜌−𝜌𝜙𝜌 
2 + 𝜌𝜙𝜙𝜌𝜌

2∆
, 

          ∆(𝜌) =  𝜙𝜙𝜌 − 𝜌𝜙𝜌
2 + 2𝜌𝜙𝜙𝜌𝜌,    𝜌 =

𝜑2𝛼2
2

𝛼1
2 .    

             M = [𝛼1
2]𝑥𝑎𝑦𝑎 ,        𝑁 = 𝜑2 [𝛼2

2]𝑥𝛼𝑦𝛼 ,        Π = 2[ln 𝜑]𝑥𝑎𝑦𝑎 ,                                      

Example 1.1. [4]       When we choose 𝑓(𝑠, 𝑡)   as given below  

𝑓(𝑠, 𝑡) =
1

1 + 𝜖
{𝑠 + 𝑡 + 𝜖(𝑠𝑘 + 𝑡𝑘)

1
𝑘}, 

where 𝜖 is a nonnegative number and 𝑘 is a positive integer, we get an example for the warped f-product Finsler 

metric. 

II. PRELIMINARIES 

A nonnegative scalar function 𝐹 =  𝐹 (𝑥, 𝑦) defined on the tangent bundle  𝑇𝑀𝑛  is a Finsler metric on 

a manifold 𝑀𝑛   where 𝑥, a point in 𝑀𝑛  and  𝑦,  a point in   𝑇𝑥  𝑀𝑛, namely a tangent vector at 𝑥. The 

characterization of geodesics for a Finsler metric 𝐹 =  𝐹 (𝑥, 𝑦) in local coordinates are given by 
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𝑑2𝑥𝑖

𝑑𝑡2
+ 2𝐺𝑖 (𝑥,

𝑑𝑥

𝑑𝑡
) = 0, 

where  𝑔𝑖𝑙 = 𝑔𝑖𝑙(𝑥, 𝑦),  𝑔𝑖𝑗 = 𝑔𝑖𝑗(𝑥, 𝑦),   𝐹2 = 𝐹2(𝑥, 𝑦),    𝑔𝑖𝑗(𝑥, 𝑦) = (
1

2
𝐹2)𝑦𝑖𝑦𝑗 ,   and 

                                𝐺𝑖  =  
1

4
𝑔𝑖𝑙{  [𝐹2]

𝑥𝑘𝑦𝑙   𝑦𝑘 − [𝐹2]
𝑥𝑙  }.                                                                              (9) 

The spray G of 𝐹  is  a vector field defined by using local functions 𝐺𝑖 on 𝑇𝑀𝑛   as follows 

𝐺 =  𝑦𝑖 𝜕

 𝜕𝑥𝑖 − 2𝐺𝑖 𝜕

 𝜕𝑦𝑖 . 

These local functions 𝐺𝑖   =  𝐺𝑖  (𝑥, 𝑦) are called spray coefficients of 𝑭 for the spray 𝑮. For any 𝑥 ∈
 𝑀𝑛  and 𝑦 ∈  𝑇𝑥  𝑀𝑛  \{0}, the Riemann curvature 𝑅𝑦 ∶  𝑇𝑥  𝑀𝑛    →  𝑇𝑥  𝑀𝑛  is defined by  𝑅𝑦(𝑢) =

𝑅𝑖
𝑘(𝑥, 𝑦) 𝑢𝑘  𝜕

𝜕𝑥𝑖 ⃒𝑥   , where  

𝑅𝑖
𝑘 = 2

 𝜕𝐺𝑖

𝜕𝑥𝑘
− 𝑦𝑗

 𝜕2𝐺𝑖

𝜕𝑥𝑗𝜕𝑦𝑘
+ 2𝐺𝑗

 𝜕2𝐺𝑖

𝜕𝑦𝑗𝜕𝑦𝑘
−

 𝜕𝐺𝑖

𝜕𝑦𝑗

 𝜕𝐺𝑗

𝜕𝑦𝑘
. 

The Ricci curvature is given by 

𝑅𝑖𝑐 = 2
 𝜕𝐺𝑚

𝜕𝑥𝑚
− 𝑦𝑗

 𝜕2𝐺𝑚

𝜕𝑥𝑗𝜕𝑦𝑚
+ 2𝐺𝑗

 𝜕2𝐺𝑚

𝜕𝑦𝑗𝜕𝑦𝑚
−

 𝜕𝐺𝑚

𝜕𝑦𝑗

 𝜕𝐺𝑗

𝜕𝑦𝑚
. 

Definition:       Let (𝑀1, 𝐹1) and (𝑀2, 𝐹2) be given Finsler manifolds. Then a Finsler metric 𝐹 on 𝑀 = 𝑀1 × 𝑀2 

is called a product Finsler metric of 𝑭𝟏 and 𝑭𝟐 if at any point 𝑥 = (𝑥1, 𝑥2) ∈ 𝑀, we have             

𝐹(𝑥, 𝑦) = {
𝐹1(𝑥1, 𝑦1),   𝑖𝑓 𝑦 = 𝑦1 ⊕ 0  ∈   𝑇𝑥𝑀

𝐹2(𝑥2, 𝑦2),  𝑖𝑓 𝑦 = 0 ⊕ 𝑦2   ∈   𝑇𝑥𝑀
, 

where  𝑇𝑥𝑀 ≅ 𝑇𝑥1
⊕ 𝑇𝑥2

. In this case, (𝑀, 𝐹) is called a product Finsler manifold of  (𝑀1, 𝐹1) and (𝑀2, 𝐹2). 

Unfortunately, there is no canonical way to define product Finsler metrics on the product manifold. In the 

case that the Finsler metrics are Riemannian, we define the product Finsler metrics in the following way below. 

Definition:       Let 𝛼1 and  𝛼2 be Euclidean norms on vector spaces 𝑉1 and 𝑉2, respectively and 𝑉 = 𝑉1 ⊕ 𝑉2.  Let 

𝑓 ∶ [ 0, ∞) ×  [ 0, ∞) ⟶ [ 0, ∞) be a 𝐶∞ function satisfying 

i. 𝑓(𝜆𝑠, 𝜆𝑡) = 𝜆𝑓(𝑠, 𝑡),    (𝜆 > 0)          

ii. 𝑓(𝑠, 𝑡) ≠ 0,   if   (s, t) ≠ 0.           

We define a function   𝐹 ∶  𝑉 ⟶ [ 0, ∞) by 

𝐹(𝑦)   =   √𝑓([𝛼1(𝑦1)]2, [𝛼2(𝑦2)]2 ), 

where 𝑦 = 𝑦1 ⊕ 𝑦2 ∈ 𝑉1 ⊕ 𝑉2.  𝐹 = 𝐹(𝑦) has the following properties: 

(a)    𝐹(𝑦) ≥ 0  for any  𝑦 ∈ 𝑉 , and  

         𝐹(𝑦) = 0 if and only if 𝑦 = 0; 

(b)   𝐹( 𝜆𝑦) = 𝜆 𝐹(𝑦),  for any 𝑦 ∈ 𝑉 and  𝜆 > 0; 

(c)    𝐹 is  𝐶∞  on 𝑉\ {0}.   

Let 𝑛𝑖 = dim 𝑉𝑖 ,  for i = 1, 2,   dim 𝑉 = 𝑛, with   𝑛 = 𝑛1 + 𝑛2,  and the ranges of indices are given below, 

 1 ≤  𝑎, 𝑏, 𝑐 ≤ 𝑛1,   𝑛1 + 1 ≤ 𝛼, 𝛽, 𝛾 ≤ 𝑛,              1 ≤   𝑖, 𝑗, 𝑘 ≤ 𝑛. 

We let {𝒃𝑎} , {𝒃𝜶}  and {𝒃𝒊} be the bases for 𝑉1, 𝑉2 and  𝑉,  respectively. We express 

                          𝛼1(𝑦1) = √�̅�𝑎𝑏𝑦𝑎𝑦𝑏  , and    𝛼2(𝑦2) = √�̅�𝛼𝛽𝑦𝛼𝑦𝛽 ,  

where 𝑦1 = 𝑦𝑎𝒃𝑎 , and  𝑦2 = 𝑦𝛼𝒃𝛼 , then 𝑔𝑖𝑗 =
1

2
[𝐹2]

𝑦𝑖𝑦𝑗   are given by  

                           (𝑔𝑖𝑗) = [
𝐺11 𝐺12

𝐺21 𝐺22
]                                                                                                     (10) 

where 
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𝐺11  =  2𝑓𝑠𝑠�̅�𝑎�̅�𝑏 + 𝑓𝑠�̅�𝑎𝑏 ,                    𝐺21  =  2𝑓𝑠𝑡�̅�𝑎�̅�𝛽 , 

𝐺12  =  2𝑓𝑠𝑡�̅�𝑎�̅�𝛽 ,                                   𝐺22  = 2𝑓𝑡𝑡�̅�𝛼�̅�𝛽 +  𝑓𝑡�̅�𝛼𝛽 , 

and  �̅�𝑎 = �̅�𝑎𝑏𝑦𝑏 , �̅�𝛼 = �̅�𝛼𝛽𝑦𝛽. By the elementary argument, one can see that (𝑔𝑖𝑗) is positive definite if and only 

if 𝑓(𝑠, 𝑡) satisfies the following conditions i) and ii) given below, 

i)  𝑓𝑠, 𝑓𝑡 > 0, 𝑓𝑠 + 2𝑠𝑓𝑠𝑠 > 0, 𝑓𝑡 + 2𝑠𝑓𝑡𝑡 > 0                                                                                           (11)                                    

ii)   𝑓𝑠𝑓𝑡 − 2 𝑓 𝑓𝑠𝑡 > 0.                                                                                                                       (12) 

We let    𝐷𝑎𝑏 = 𝑑𝑒𝑡(�̅�𝑎𝑏), 𝐷𝛼𝛽 = 𝑑𝑒𝑡(�̅�𝛼𝛽), then 

             𝑑𝑒𝑡(𝑔𝑖𝑗 ) = ℎ( [𝛼1]2[𝛼2]2 )𝐷𝑎𝑏  𝐷𝛼𝛽 ,                                                                                                      (13) 

where   ℎ = (𝑓𝑠)𝑛1−1(𝑓𝑡)𝑛2−1{𝑓𝑠𝑓𝑡 − 2 𝑓 𝑓𝑠𝑡}. 

By using the above construction, for any given pair of Riemannian manifolds (𝑀1, 𝛼1) and (𝑀2, 𝛼2)  one 

can construct uncountably many product Finsler metrics on 𝑀 = 𝑀1  ×  𝑀2.  We just take a function 𝑓 as in (12) 

and we define  

𝐹(𝑥, 𝑦) = √𝑓([𝛼1(𝑥1, 𝑦1)]2, [𝛼2(𝑥2, 𝑦2)]2 ), 

where (𝑥1, 𝑥2) ∈ 𝑀 and 𝑦1 ⊕ 𝑦2 ∈ 𝑇𝑥𝑀. 𝐹 is called a reversible warped 𝒇- product Finsler metric on 𝑀. 

 

III. PROOF OF THEOREM 1.1 

Let  𝐹 be a given warped  𝑓- product Finsler metric on 𝑀 as given below, 

𝐹 =  𝛼1(𝑥1, 𝑦1)  √𝜙 (𝜑(𝑥1)2 [
𝛼2(𝑥2, 𝑦2)

𝛼1(𝑥1, 𝑦1)
]

2

)

 

 

where each (𝑀𝑖 , αi) is an arbitrary Riemannian manifold for  𝑖 = 1, 2,  and  𝑀 = 𝑀1 ×  𝑀2  , the product manifold, 

with an arbitrary 𝐶∞ warping function 𝑓  

𝑓 ∶ [ 0, ∞)  ×  [ 0, ∞) ⟶ [ 0, ∞) 

satisfying the conditions in (1), (2) and (3).   Next, we find additional conditions on  𝑓 = 𝑓(𝑠, 𝑡) under which the 

matrix given below, 

𝑔𝑖𝑗 =  
1

2
  [𝐹2 ]𝑦𝑖 𝑦𝑗 

is positive-definite. We take standard local coordinate systems (𝑥𝑎, 𝑦𝑎)   in 𝑇𝑀1  and (𝑥𝛼 , 𝑦𝛽)   in 𝑇𝑀2.  We 

express 

            𝛼1(𝑥1, 𝑦1) = √�̅�𝑎𝑏(𝑥1 )𝑦𝑎𝑦𝑏 ,       and      𝛼2(𝑥2, 𝑦2) = √�̅�𝛼𝛽(𝑥2 )𝑦𝛼𝑦𝛽 , 

where   𝑦1 = 𝑦𝑎 𝜕

𝜕𝑥𝑎 ,   𝑦2 = 𝑦𝛼 𝜕

𝜕𝑥𝛼  and  𝜌 =
𝜑2𝛼2

2

𝛼1
2     for a standard local coordinate system 

 (𝑥𝑖 , 𝑦𝑖)   =  (𝑥𝑎 , 𝑥𝛼 , 𝑦𝑎 , 𝑦𝛽)    in 𝑇𝑀.   

Lemma 3.1.   Let (𝑀𝑖 , αi) be arbitrary Riemannian manifolds for  𝑖 = 1, 2,  and  𝑀 = 𝑀1 × 𝑀2 , a product 

manifold. For a warped 𝑓 − product Finsler metric F given below    

𝐹 =  𝛼1(𝑥1, 𝑦1)  √𝜙 (𝜑(𝑥1)2 [
𝛼2(𝑥2, 𝑦2)

𝛼1(𝑥1, 𝑦1)
]

2

)

 

 

where  𝑥 ∈  𝑀, 𝑦 ∈  𝑇𝑥 𝑀, and 𝑥 = (𝑥1, 𝑥2) , 𝑦 = 𝑦1  ⊕  𝑦2,  we have  

                                                            (𝑔𝑖𝑗) = [
𝐺11 𝐺12

𝐺21 𝐺22
]                                                                                         (13) 

 

𝐺11  =  2𝑠−1𝜌2𝜙𝜌𝜌�̅�𝑎�̅�𝑏 +  (𝜙 − 𝜌𝜙𝜌)�̅�𝑎𝑏 ,            𝐺21  =  −2𝑠−1𝜑2𝜌𝜙𝜌𝜌�̅�𝛼�̅�𝑏 , 

𝐺12  =  −2𝑠−1𝜑2𝜌𝜙𝜌𝜌�̅�𝑎�̅�𝛽 ,                                       𝐺22  =  2𝑠−1𝜑4𝜙𝜌𝜌�̅�𝛼�̅�𝛽 +  𝜑2𝜙𝜌�̅�𝛼𝛽, 
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and   

(𝑔𝑖𝑗) = [
𝑔11 𝑔12

𝑔21 𝑔22]                                                                                                   (14) 

 𝐺11 =  Δ−1 (𝐴�̅�𝑎𝑏 + 𝑠−1𝐵𝑦𝑎𝑦𝑏),                        𝐺21  =  Δ−1 (𝑠−1𝐶𝑦𝛼𝑦𝛽),   

𝐺12  =  Δ−1 (𝑠−1𝐶𝑦𝑎𝑦𝛽),                                      𝐺22  =  Δ−1 (𝑠−1𝐸𝑦𝛼𝑦𝛽 + 𝜑−2𝐷�̅�𝛼𝛽),          

where                   𝐴 =     
𝜙𝜙𝜌−𝜌𝜙𝜌

2+2𝜌𝜙𝜙𝜌𝜌

𝜙−𝜌𝜙𝜌
,                                𝐵 =   − 

2𝜌2𝜙𝜌𝜙𝜌𝜌

𝜙−𝜌𝜙𝜌
,                         

                     C =    2𝜌𝜙𝜌𝜌 ,                                                      𝐷 =    
𝜙𝜙𝜌−𝜌𝜙𝜌

2+2𝜌𝜙𝜙𝜌𝜌

𝜙𝜌
,     

                    𝐸 =     −  
2 𝜙𝜌𝜌 (𝜙−𝜌𝜙𝜌)

𝜙𝜌
 ,                                     ∆  =     𝜙𝜙𝜌 − 𝜌𝜙𝜌

2 + 2𝜌𝜙𝜙𝜌𝜌. 

Proof.  Using  (𝑔𝑖𝑗) = (
1

2
𝐹2)

𝑦𝑖𝑦𝑗
 and the conditions in (1), (2) and (3), we easily obtain (13). Moreover, by using 

basic application of linear algebra and using the following, the inverse matrix form is given by  

(𝑔𝑖𝑗)
−1

=  (𝑔𝑖𝑗) = [𝐺11 𝐺12

𝐺21 𝐺22] 

 𝐺11 =   Δ−1 (𝐴�̅�𝑎𝑏 + 𝑠−1𝐵𝑦𝑎𝑦𝑏)                        𝐺21  =   Δ−1 (𝑠−1𝐶𝑦𝛼𝑦𝛽)   

𝐺12  =   Δ−1 (𝑠−1𝐶𝑦𝑎𝑦𝛽                                        𝐺22  =   Δ−1 (𝑠−1𝐸𝑦𝛼𝑦𝛽 + 𝜑−2𝐷�̅�𝛼𝛽)                           

and we also have the following equations we got while computing the inverse matrix, 

[𝑎. ]   𝐴(𝜙 − 𝜌𝜙𝜌) = Δ, 

[𝑏. ]  2𝐴𝜌2𝜙𝜌𝜌 + 2𝐵𝜌2𝜙𝜌𝜌 + 𝐵(𝜙 − 𝜌𝜙𝜌) − 2𝐶𝜌2𝜙𝜌𝜌 = 0, 

[𝑐. ]   − 2𝐴𝜌𝜙𝜌𝜌 − 2𝐵𝜌𝜙𝜌𝜌 + 2𝐶𝜌𝜙𝜌𝜌 + 𝐶𝜙𝜌 = 0, 

[𝑑. ]   2𝐶𝜌2𝜙𝜌𝜌 + 𝐶(𝜙 − 𝜌𝜙𝜌) − 2𝐷𝜌𝜙𝜌𝜌 − 2𝐸𝜌2𝜙𝜌𝜌 = 0, 

[𝑒. ]    − 2𝐶𝜌𝜙𝜌𝜌 + 2𝐷𝜙𝜌𝜌 + 2𝐸𝜌𝜙𝜌𝜌   +  𝐸𝜙𝜌 = 0, 

[𝑓. ]    𝐷𝜙𝜌 = Δ. 

The coefficients A, B, C D, E and Δ  in (𝑔𝑖𝑗)
−1

  can be found in terms of 𝜙  by using the above equations. 

Lemma 3.2.  Let (𝑀𝑖 , αi) be arbitrary Riemannian manifolds for  𝑖 = 1, 2,  and  𝑀 = 𝑀1 ×  𝑀2 , a product 

manifold. For a warped 𝑓 − product Finsler metric F given below    

𝐹 =  𝛼1(𝑥1, 𝑦1)  √𝜙 (𝜑(𝑥1)2 [
𝛼2(𝑥2, 𝑦2)

𝛼1(𝑥1, 𝑦1)
]

2

)

 

 

where  𝑥 ∈  𝑀, 𝑦 ∈  𝑇𝑥 𝑀, and 𝑥 = (𝑥1, 𝑥2) , 𝑦 = 𝑦1  ⊕  𝑦2,  the spray coefficients of (𝑀, 𝐹1 ⊕ 𝐹2) are given as 

follows,  

a) For (𝑀1, 𝐹1),  1 ≤ 𝑎, 𝑏 ≤ 𝑛1,    𝐺𝑎 =  �̅�𝑎 − 𝑠𝐴[𝑙𝑛𝜑]𝑥𝑏�̅�𝑎𝑏 +  𝐵𝛱𝑦𝑎 

                                     𝐴(𝜌) =  
𝜌𝜙𝜌

2(𝜙−𝜌𝜙𝜌)
, 𝐵(𝜌) =  

𝜌2𝜙𝜙𝜌𝜙𝜌𝜌

2𝛥(𝜙−𝜌𝜙𝜌𝜌)
,                                                                             (15) 

 

b) For (𝑀2, 𝐹2),  𝑛1 + 1 ≤ 𝛼, 𝛽 ≤ 𝑛,          𝐺𝛼 =  �̅�𝛼 + 𝐶𝛱𝑦𝛼                               

                                                       𝐶(𝜌) =  
𝜙𝜙𝜌−𝜌𝜙𝜌 

2 + 𝜌𝜙𝜙𝜌𝜌

2∆
.                                                                           (16) 

Proof.  By using (9), we have 

𝑎)  𝐺𝑎 =
1

4
𝑔𝑎𝑗[𝐹2]

𝑥𝑚𝑦𝑗  𝑦𝑚  −   [𝐹2]
𝑥𝑗,    𝑗 = 𝑏, 𝛽,  1 ≤ 𝑎, 𝑏 ≤ 𝑛1,   𝑛1 + 1 ≤ 𝛼, 𝛽 ≤ n                                   (17) 
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[𝐹2]

𝑥𝑚𝑦𝑏  𝑦
𝑚  −   [𝐹2]

𝑥 𝑏 = 2{𝑠−1𝜌2𝜙𝜌𝜌𝑀 − 𝑠−1𝜌𝜙𝜌𝜌𝑁 − 𝜌2𝜙𝜌𝜌Π}�̅�𝑏 

                                         +   4(𝜙 − 𝜌𝜙𝜌)�̅�𝑏 − 2𝑠𝜌𝜙𝜌 [ ln 𝜑]𝑥 𝑏 

where  �̅�𝑏 = �̅�𝑎𝑏𝑦𝑎.  By using (17) and Lemma 3.1, we obtain (15).   By using (9), we have  

 

 𝑏)        𝐺𝛼 =
1

4
𝑔𝛼𝑗[𝐹2]

𝑥𝑚𝑦𝑗  𝑦𝑚 − [𝐹2]
𝑥𝑗,       𝑗 = 𝑏, 𝛽,              1 ≤ 𝑎, 𝑏 ≤ 𝑛1,  

                                                                                               𝑛1 + 1 ≤ 𝛼, 𝛽 ≤ 𝑛.                                                        (18) 

     

  
 

[𝐹2]
𝑥𝑚𝑦𝛽  𝑦

𝑚  −   [𝐹2]
𝑥  𝛽 =        2𝜑2 {

−𝑠−1𝜌𝜙𝜌𝜌𝑀 − 𝑠−1𝜙𝜌𝜌𝑁 

+   (𝜌𝜙𝜌𝜌 + 𝜙𝜌)Π
} �̅�𝛽   

                                                  +       4𝜑2𝜙𝜌�̅�𝛽 ,   where    �̅�𝛽 = �̅�𝛼𝛽𝑦𝛼 . 

By using (18) and Lemma 3.1, we obtain (16) where M = [𝛼1
2]𝑥𝑎𝑦𝑎 , 𝑁 = 𝜑2 [𝛼2

2]𝑥𝛼𝑦𝛼 ,  and    

Π = 2[ln 𝜑]𝑥𝑎𝑦𝑎 . 

For any x ∈ M and y ∈ 𝑇𝑥 𝑀 \{0},  the Riemannian curvature  𝑅𝑦  : 𝑇𝑥 𝑀,   → 𝑇𝑥 𝑀 is defined by     

𝑅𝑦(𝑢) = 𝑅𝑘
𝑗 (𝑥, 𝑦)𝑢𝑘 𝜕

𝜕𝑥𝑖 |𝑥,    where 

 𝑅𝑘
𝑖   = �̅�𝑘

𝑖  + 2 
𝜕𝐺𝑖

𝜕𝑥𝑘 −  
∂2𝐺𝑖

𝜕𝑥𝑚𝑦𝑘 𝑦𝑚  + 2𝐺𝑚 𝜕2𝐺𝑖

𝜕𝑦𝑚𝜕𝑦𝑘  −  
𝜕𝐺𝑖

𝜕𝑦𝑚

𝜕𝐺𝑚

𝜕𝑦𝑘  

We construct the warped f-product Finsler space that is Ricci-flat, but not flat: 

  0 =  𝑹𝒊𝒄𝟏 + 2𝑄;𝑎
𝑎 − 𝑄;𝑚.𝑎

𝑎 𝑦𝑚 + 2𝑄𝑚𝑄.𝑚.𝑎
𝑎 −  𝑄.𝑚

𝑎 𝑄.𝑎
𝑚                                                                                       (19)   

 𝑄;𝑎
𝑎 =  [𝑙𝑛𝜑]𝑥𝑑�̅�𝑎𝑑(1 − 2𝑠𝜌𝐴𝜌) −  𝑠𝐴[𝑙𝑛𝜑]

𝑥𝑎𝑥𝑑�̅�𝑎𝑑  − 𝑠𝐴[𝑙𝑛𝜑]𝑥𝑑[�̅�𝑎𝑑]𝑥𝑎  

                  +    𝜌𝐵𝜌𝛱(𝛱 − 𝑠−1𝑀) + 2𝐵[𝑙𝑛𝜑]𝑥𝑑𝑥𝑎𝑦𝑑𝑦𝑎 ,                                                                                      (20) 

 𝑄;𝑚.𝑎
𝑎 𝑦𝑚 =  2[𝑙𝑛𝜑]𝑥𝑐𝑥𝑑𝑦𝑐𝑦𝑑{(𝜌𝐴𝜌 −  𝐴) − 2(𝜌𝐵𝜌 −  𝐵) + (𝑛1 −  1)𝐵} 

                   +  𝜌𝛱(𝛱 − 𝑠−1𝑀) {𝜌(𝐴𝜌𝜌 − 2𝐵𝜌𝜌)(1 +  𝑠−1𝛱𝑁) + 𝐵𝜌(𝑛1 −  1)}  +    𝑠−1𝐵𝜌𝛱𝑁(𝑛1 −  1)            (21) 

𝑄𝑚𝑄.𝑚.𝑎
𝑎 =  − 2𝑠𝐴[𝑙𝑛𝜑]𝑥𝑎[𝑙𝑛𝜑]𝑥𝑑�̅�𝑎𝑑  {(𝜌𝐴𝜌 − 𝐴) − 2 (𝜌𝐵𝜌 − 𝐵) +  𝐵(𝑛1 − 1)}  

                  +    𝛱2(𝐴 −  2𝐵 + 2𝐶) {𝜌2(𝐴𝜌𝜌 −  2𝐵𝜌𝜌 ) + (𝑛1 −  1)𝜌𝐵𝜌} 

                +   𝐵𝛱2{(𝜌𝐴𝜌 − 𝐴) − 2(𝜌𝐵𝜌 − 𝐵) + (𝑛1 − 1)𝐵},                                                                              (22) 

 𝑄.𝑚
𝑎 𝑄.𝑎  

𝑚  =   4𝑠[𝑙𝑛𝜑]𝑥𝑎[𝑙𝑛𝜑]𝑥𝑑�̅�𝑎𝑑{2(𝜌𝐴𝜌 − 𝐴)𝐵 −  𝜌𝐴𝜌𝐶} 

                 +    𝛱2{2(𝜌𝐴𝜌 − 𝐴) (𝐵 − 2𝜌𝐵𝜌) +(𝜌𝐴𝜌 − 𝐴)
2

+  (𝑛1 − 1)𝐵2  

                +    2𝜌2𝐶𝜌(𝐴𝜌 − 2𝐵𝜌)  + 2𝜌𝐵𝜌𝐶 + 4 (𝜌𝐵𝜌 − 𝐵)
2

 }                                                                              (23) 

where 𝑚 = 𝑐, 𝛽, 1 ≤ 𝑎, 𝑐, 𝑑 ≤ 𝑛1,  𝑛1 + 1 ≤ 𝛽 ≤ 𝑛. 

We plug (20)-(23) into (19),  to obtain (7) 

        0  =     𝑹𝒊𝒄𝟐 + 2𝑄;𝛼
𝛼 − 𝑄;𝑚.𝛼

𝛼 𝑦𝑚 + 2𝑄𝑚𝑄.𝑚.𝛼
𝛼 − 𝑄.𝑚

𝛼 𝑄.𝛼  ,
𝑚                                                                            (24) 

               𝑄;𝛼 
𝛼 =   𝑠−1𝐶𝜌𝑁𝛱 ,                                                                                                                                   (25) 

 𝑄;𝑚.𝛼
𝛼 𝑦𝑚     =     𝑠−1𝑁𝛱 {(𝑛2 + 2)𝐶𝜌+ 2𝜌𝐶𝜌𝜌} + (4ρ𝐶𝜌 +  2𝑛2𝐶)[𝑙𝑛𝜑]𝑥𝑑𝑥𝑎𝑦𝑑𝑦𝑎 
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                      +     ρ𝛱(𝛱 − 𝑠−1𝑀){ (𝑛2 + 2)𝐶𝜌 +    2ρ𝐶𝜌𝜌} 

                      +    (𝑛2 + 2)𝑠−1ρ𝐶𝜌𝑀𝛱                                                                                                                    (26) 

𝑄𝑚𝑄.𝑚.𝛼
𝛼   =   (𝑛2 + 2)ρ𝐶𝜌𝛱2(𝐴 + 2𝐶 + 2𝐵)  + 2𝜌2𝐶𝜌𝜌𝛱2(𝐴 + 2𝐶 − 2𝐵) 

                   +  𝐵(2ρ𝐶𝜌 + 𝑛2𝐶)𝛱2 

     −    2𝑠𝐴(2ρ𝐶𝜌 + 𝑛2𝐶)[𝑙𝑛𝜑]𝑥𝑑[𝑙𝑛𝜑]𝑥𝑎�̅�𝑎𝑑 ,                                                                                      (27) 

 𝑄.𝑚
𝛼 𝑄.𝛼

𝑚   =   2𝜌2𝐶𝜌𝛱2(𝐴𝜌 − 2𝐵𝜌)  +  (2ρ𝐶𝜌 +  𝐶)
2

 𝛱2  +  (𝑛2 − 1)𝐶2𝛱2     

                  −  4𝑠𝜌𝐴𝜌𝐶[𝑙𝑛𝜑]𝑥𝑑[𝑙𝑛𝜑]𝑥𝑎�̅�𝑎𝑑 +    2𝜌𝐵𝜌𝐶𝛱2 ,                                                                                   (28) 

We plug (25)-(28) into (24), and we obtain (8). 
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