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Abstract: In this study, we investigate special Smarandache curves according to g-frame in Minkowski 3-space and we give some
differential geometric properties of Smarandache curves.
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1 Introduction

The most well-known adapted frame is the Frenet frame. The Frenet frame plays an important role in classical differential geometry [30], where
it is useful to investigate Bertrand curves [27] and tube surfaces [17, 21].
Let «(t) be a regular space curve [6, 8], then the Frenet frame is defined as follows

b= @ o QAT pag )
e e A '
The curvature  and the torsion 7 are given by
_ |/ A _ det(a/,a”, o) @)
lo’* lla? A |
The well-known Frenet formulas are given by
t/ 0 Kk 0 t
n | = Ha'H -k 0 T n |. 3)
b’ -7 0 b

A regular curve in Euclidean 3-space, whose position vector is composed of Frenet frame vectors on another regular curve, is called a
Smarandache curve [3]. Recently, Smarandache curves have been stutied in various ambient spaces [1, 10, 16, 26, 28]. Moreover, some
special Smarandache curves with reference to Darboux frame in Euclidean 3-space is studied in [4]. A. T. Ali has introduced some special
Smarandache curves in the Euclidean space [1]. Taking o = «(s) be a unit speed regular curve in E3 and {t, n, b} be its moving Serret-Frenet
frame, tn—Smarandache curve, nb—Smarandache curve and tnb—Smarandache curve are defined by

= L n s :Ln nd B(s” _ L n
B(S)—ﬁ(ﬂr ):B(s7) ﬂ( +b)and 5(s7) \/g(t+ +b) )

respectively [1].

However, Frenet frame has several disadvantages in applications. For instance, Frenet frame is undefined wherever the curvature vanishes.
Moreover, the main drawback of the Frenet frame is that it has undesirable rotation about tangent vector [6, 18]. Therefore, Bishop [5] introduced
a new frame along a space curve which is more suitable for applications. But, it is well known that Bishop frame calculations is not a easy task
[29]. In order to construct the 3D curve offset, Coquillart [9] introduced the quasi-normal vector of a space curve. The quasi-normal vector is
defined for each point of the curve, and lies in the plane perpendicular to the tangent of the curve at this point [24]. Then using the quasi-normal
vector Dede et al. in [11] introduced the g-frame along a space curve. Given a space curve «(t) the g-frame consists of three orthonormal
vectors, these being the unit tangent vector t, the quasi-normal ng and the quasi-binormal vector bg. The g-frame {t, ng, bq, k} is given by

o t Ak

t= o ng= o
I/l It A Kl

by =t Ang (5)

where k is the projection vector [11]. The g-frame has many advantages versus other frames (Frenet, Bishop). For instance the g-frame can
be defined even along a line(x = 0) and the construction of the g-frame doesn’t change if the space curve has unit speed or not. Moreover the
g-frame can be calculated easily [12].

110 © CPOST 2019



For simplicity, we have chosen the projection vector k = (0,0, 1) in this paper. However, the g-frame is singular in all cases where t and k
are parallel. Thus, in those cases where t and k are parallel the projection vector k can be chosen as k = (0,1, 0) or k = (1,0, 0).
A g-frame along a space curve is shown in Figure 1.

Fig. 1: The g-frame and Frenet frame.

The variation equations of the directional g-frame is given by

t’ 0 ki ke t
ng | = & | =k O ks ng |, (6)
q —ko —ks3 O bq
where the g-curvatures are expressed as follows
R S (L B G

ko = = . (7
o'l o'l flo/]]

In the three dimensional Minkowski space R3, the inner product and the cross product of two vectors u = (u1, u2,u3) and v = (v1, va, v3)

are defined as
<u,V >=ujv] + ugvz — u3vs
and
unNv = (ug’UQ — U2V3,U1V3 — U3V], ULV — u2v1)

where e; A ea = e3,e2 Aes = —e1, ez A el = —eg, respectively [2]. If u and v are timelike vectors then u A v is a spacelike vector [22].

The norm of the vector u is given by

Jall = v/[{u, u)| ®

We say that a Lorentzian vector u is spacelike, lightlike or timelike if (u,u) > 0, (u,u) =0 and u # 0, (u,u) < 0, respectively. In
particular, the vector u = 0 is sgacelike

An arbitrary curve «(s) in Ry, can 1ocally be spacelike, timelike or null(hghthke) if all its velocity vectors o’ (s) are respectively spacelike,
timelike or null [20]. A null curve o is parameterized by pseudo-arc s if < "(s), a”(s)) = 1. On the other hand, a non-null curve « is
parameterized by arc-lenght parameter s if (o’ (s), a’(s)) = £1[7, 23].

Then Frenet formulas of timelike curve may be written as

dlt 0 & 0 t
— | n|=v|k 0 7T n )
a1y 0 -7 0] |b
where v = ||t]| . The Minkowski curvature and torsion of timelike curve «/(t) are obtained by
k=|t'||,r=<n’,b> (10)

respectively [2, 22].

As an alternative to the Frenet frame we define a new adapted frame along a timelike space curve, called as the g-frame. Given a regular
timelike space curve «(t) the g-frame consists of three orthonormal vectors, these being the unit tangent vector t(timelike), the quasi-normal
ngy(spacelike) and the quasi-binormal vector by (spacelike). The g-frame {t, ny, by, k} along «(t) is given by

/
o tAk
[T Tenk] ha (an

For simplicity, we have chosen the projection vector k = (0, 1, 0)(spacelike) in this paper. However, the g-frame is singular in all cases where
t A k vanishes. Therefore, in those cases where t A k vanishes the projection vector k can be chosen as k = (1, 0, 0)(spacelike). Interestingly
if we chose k = (0, 0, 1)(timelike) we get the same results in this paper [14].
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The variation equations of the directional g-frame is given by

t’ 0 k1 ke t
n; =k 0 k3 ng (12)
bq ko —ks O bg
where the g-curvatures are expressed as follows
k1= (t'.,ng) ko= (t',bg), ks = (ng,bg). (13)

Theorem 1.1. Let a(s) be a timelike curve that is parameterized by arc length s. The relation between the g-curvatures and the Frenet
curvatures (the torsion 7 and the curvature ) may be expressed as,

ki = kcos#,
ko = —ksin, (14)
ks = df+r,

where 0 is the angle between the vectors, the principal normal vector n and the quasi-normal vector ng [13, 14].
We can define the Euclidean angle 6 between the principal normal n and quasi-normal ng spacelike vectors. Then, as one can see
immediately, the relation matrix may be expressed as

t 1 0 0 t
ng | =10 cosf sind n |. (15)
bq 0 —sin® cosf b
Thus,
t 1 0 0 t
n|=|0 cosf —sinf ng (16)
b 0 sinf cos@ by

[11, 15]. Furthermore, from (15) and (11) we have

_ (t Ak, ") _ det(a”’,d/ k)
[t AKXl llo’ Ak la””

cosf = (ng,n) a7

In [10], the authors investigated the Smarandache curves with respect to the Bishop frame. Smarandache curves have also been stud-
ied in other ambient frames [4, 19, 25]. Taking o = «(s) be a unit speed regular curve in E3 and {t,ng, by} be its moving q-frame,
tn,—Smarandache curve, tbg—Smarandache curve and ngb,—Smarandache curve are defined by

B(s™) = %(t + 1), B(s™) = %(t +bg) and B(s") = %(nq +by) (18)

respectively [16].
Now, in this paper we investigate special Smarandache curves according to g-frame in Minkowski 3-space and we give some differential
geometric properties of Smarandache curves.

2 Smarandache curves of Timelike Space Curve according to g-frame

In this section we will investigate the Smarandache curves of timelike space curve according to g-frame in Minkowski space.

2.1  tng- Smarandache curves of a timelike curve in R}
Let « = «(s) be a unit speed regular curve in Ri’ and {t,ng, by} be its moving g-frame. tny—Smarandache curve can be defined by

B(s®) = %@ +1y) (19)

We can get g-invariants of tng—Smarandache curves according to o = /(). From (19) we obtain

dﬁ dS* 1 / ’
= - (t'4n 20
ds* ds \/5( a) 20

ﬂ/

and
t *:—1 (k1t 4+ king + (k2 + k3)bg) (21)
B s \f 1 1g 2 3)Dgq
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where
ds* 1
=— 1k k
I ﬂ‘ 2 + k3|

We can write tangent vector of curve (3 as follow

1
tg= —— (kit b
B|b+w@1+hm+%+@)ﬂ

Let’s assume that k2 # —k3. The causal character of tn,—Smarandache curve is obtained as

1

2 2 2
m(kl <t,t> + k]_ <1’1q, nq> + (k2 + k3) <bQ7bq>) =1

(tg tg) =

this shows that tng—Smarandache curve is a spacelike curve. Then differentiating (23) with respect to s, we obtain

dtg ds* 1
ds* ds ko + k3|

(C1t + (ang + (3bg)

where ,
o = - (W) K 4 ko + ksl (KF + K3 + kaks)
G = — (W)lk%+|k2+k‘3|(k%+k§—k2k3)
(3 = kilke+ ks3] (k2 + ks.)
Substituting (22) into (24), we get
t — |/€2—|—\/§k:3|3(§1t + (ang + (3by)

Then, the first curvature and the principal normal vector field of curve /3 are calculated

V2
kg — t/7t/ — _C2+C2+C2
B <ﬂ /3> e + ks |=¢F + ¢ + 3l
and
1
ng = ﬁ(C1t+C2nq+C3bq)
where { # 0and £ = —4124—(224—(3? ‘.Then, the binormal vector of curve 3 is
b L (s1t + s2ng + s3bg)
== (1 2 3
B ko + k3| VE q q
where

61 =k1(3 — |k2 + k3] (2, <2 =ki1(3 — |ka + k3| (1, <3=—k1 (o +ki1Ca-

In order to calculate the torsion, differentiating (20) with respect to s gives

1
B" = Ik + ki + ko (ko + k3))t + (k1 + kf — ka(ka + k3))ng + (kb + k3 + k1 (k2 + k3))by]
and
8" = € (v1t 4+ vang + v3byg)
\/i q q
where
v = kY 4+ 3K k1 + (ka(ka + k3)) + ko(ko + k3)' + k1 (k — k3)
vo = kY —3kiky + Ky(ko + k3) — 2k3 (ko + k3) — k1(k — k3)
vs = kY + K5+ (k1(ke + k) + (k2 + k3)(k — k3)

The torsion of the curve 3 is

- V2(p(v1 — vo) — (ka + k3)2 (v1ks + voks — v3k1))
B | (0 = ka(ka + k3)2)2 + (¢ + ko (kg + k3)2)2 — (k1 (k2 + k3)2)2
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!
where ¢ = — <|I€2k;k3|) k‘% Using (15) and (16) to compute the quasi-normal and quasi-binormal vectors of the curve 3, we obtain
1
[ (k2 + k3| {1 cosfg +c1sinfg)t T
ng _ 1 +(|k2 + k3| 2 Coseﬁ + <2 Sineﬁ)nq 32)
g =——
k2 + k3| V& .
+(|k2 + k3| (3 cos O3 + ¢3sin03)b,
and
M (k2 + k3| C1 Sin@g —G1 COS@B)t 7
bqﬁ _ -1 +(Jk2 + k3| (2sin g — g2 cos O3)nq (33)
k2 + k3| V€ .
+(Jk2 + k3| (3sinfg — g3 cos B3)by
Using (13) to calculate g-curvatures of the curve 3, we get
V2
K = ——=— (|ka + k3| € cos O + sin 05(—s1C1 + <2 Co + 53C3) (34)
U kg + k3| VE ( 7 g 2 )
—V2
k= Y5 (ko + k3| Esinfg — cos O5(—s1(1 + 2o + 53(3) (35)
and
/ !/ / /
cosflgsinfg ( ‘/k2 —2|_ k3\§§1c12+ G252 Caos) )
+9B(§1 + 5 +65 + ka2 + k3| &)
B _ 1
ky = ks + k3| vE | TV k2 + k3]0 (Cro1 + a2 + (3¢3) (36)
+ [k + k3| cos” 05(G1G1 + GaGh + Gh)
EXAMPLE: In this example, we derived the Smarandache curve of a timelike curve parametrized by
a(s) = (2cosh s, V/3s, 2sinh s)
for k = (0, 1, 0)(spacelike), the g-frame of the curve is obtained by
t = (2sinh s, V/3, 2 cosh s) (37
ng = (cosh s, 0,sinh s) (38)
and
by = (V/3sinhs, 2, V3 cosh s). (39)
Thus, tng—Smarandache curve is obtained by
B(s™) = %(2 sinh s + cosh s, V/3, 2 cosh s + sinh s) (40)

and its Frenet curvatures as follows
kg = ? and 73 =0

The g-frame and g-curvatures of the tng—Smarandache curve are calculated by

ng = %1 [\/icos 0(2sinh s 4 cosh s),sin g, V2 cos 03(2 cosh s + sinh s)]
bg = % [ﬁsin 6g(2sinh s 4 cosh s), — cos fg, V2sin 63(2 cosh s 4 sinh s)}
and
kf = cosfg = —?
k2’8 = -—sinfg =0
kg = gsin2 050'5 =0

respectively. Finally the curve (black) and the tny—Smarandache curve (red) are shown in Figure 2.
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Fig. 2: The curve and tng-Smarandache curve.

2.2 nyb,- Smarandache curves of a timelike curve in R}

Let o« = «(s) be a unit speed regular curve in R? and {t, ng, by} be its moving g-frame. ngby—Smarandache curve can be defined by

B(s") = %(nwbq)

We can get g-invariants of ngbg—Smarandache curves according to & = «(s). From (41) we have

_dBds*t 1

! / A
B = ds* ds ﬁ(nq—i_bq)
It follows that
ds* 1
Yo e — ﬁ((kl + k2)t — kang + k3bg)

where

ds* 1 \/
—— = —=1/|2k2 — (k1 + k2)2
ds V2 ‘ 3 (k1 + k) ’
We can write tangent vector of curve [ as follow
1
tg =
V1283 — (n + k2)?|

((k1 + k‘g)t — kang + k‘gbq)

Let’s assume that 2k3 # (k1 + k2)? and investigate the causal character of ngby—Smarandache curve, we get

2k% — (k1 + k2)?
tg, tg) =

Therefore, there are two possibilities for the causal character of ngbg—Smarandache curve; the 8 curve is spacelike if
2k3 > (k1 + k2)® = (tg,t5) >0

and the 3 curve is timelike if
2k3 < (k1 + k2)® = (tg,t5) <0

Let’s assume that ngbg—Smarandache curve is a spacelike curve. Then differentiating (45) with respect to s, we obtain

ZZE % = |U13 (51‘6 + Cong + ngq)
where v = 2k3 — (ky + k2)? and
o o= 2k ('“1;3’“2)/ — vk (k1 — ko)
G = (ki + ka)k2 (’“;’”)I (k2 — K+ kika)
G o= (ks + ko)k2 ("“;3’“2) (kR — K2+ kiko)

®© CPOST 2019
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(43)

(44)

(45)

(46)
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Substituting (44) into (46), we get
V2

V> (Git+ Cong + by )

Then, the first curvature and the principal normal vector field of curve [ are respectively

/
tg =

/ 1 P = P
rp = lles] =4/ (6. th) = /2| -G+ G+
and
1/~ ~ ~
ng = — (Clt + (ong + Csbq>
NG
~2 oy ~2
where £ #0and & = |— (7 + (% + (3|. Then, the binormal vector of curve 3 is
1 ~ ~ ~
bg = ———— (1t + S&ng + S3bg)
Vvl
where

G o= —ksCs — k3la, G = (k1 +k2)C —ksCi, G =—(k1+k2)Ca — ksCr.

In order to calculate the torsion, differentiating (20) with respect to s gives

B’ = %[(k'l + K + 3k — k1))t + (=K% — k3 + k1 (k1 + k2))ng + (k5 — k3 + ka2(k1 + k2))bg]
and
(kY + K5 + (ka(ky — k1))’ + K5 (ky — k1) + (k1 + k2)(k — k3))t
g — % (=K — Bkakh + (k1 (k1 + k2))' + k1 (k1 + k2)’ — ks(k — k3))ng
? + (kY — 3kskh 4+ (ka(k1 + k2)) + ka(k1 + k2)’ + k3(k — k3))byg
where
o= KK 4 (ks(ka — k1)) + Ky (k2 — k1) + (k1 + ko) (s — k3)
Uy = —k§ —3kskh+ (k1(k1 + ko)) + k(K1 + ko)’ — ks(s — k3)
Us = ki —3ksk+ (ka(k1 + k2)) + ka(k1 + ko)’ + ka(k — k3)

The torsion of the curve (3 is
_ —ﬁ(é(ﬁg + 53) + U(kgﬁl + kovo + k1§3))
(k3v)? + (6 + kov)? + (6 + k1v)?

!/
where § = (kl 2— k2> k% The quasi-normal and quasi-binormal vectors of curve /3 are as follow.
3
I (l’UIZlCOSG,g-l—a sinfg)t ]
ng — i +(Jv] & cosfz + &2 sinfg)ng
Vvl > ~
+(Jv[ (3 cos O3 +S38in03)bg
and
[ (lv|¢1sinfg — <1 cosfg)t i
bqﬁ __—1 +(Jv|ysinfg — <2 cos Bg)ng
v ¢lvl +(|U\ngin95 —S3cos0g)bg

We can calculate g-curvatures of curve £, so from (13) we get
s_ V2
ky

RGY

(101€cos 5 + sin0(~c11 + Blo + Ba) )
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(47)

(48)

(49)

(50)

(51

(52)

(53)

(54)

(55)

(56)
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and

—\/2 ~ e
kQB = 7\[ (\U\ &sinfg — cosfg(—51¢1 + S2C2 + <3C3)) 57

Ve

and
1~ =1~ =1~ b
0 sin 6 V |U‘(~§1§1~+ §252 + (3<3)
COs Vg Sin ﬁ( +0/ﬂ(§12+§22+§§+|v|£)
L 0" (C1S 4 Coly 4 Cace . (58)
= | +VIvl05(C16 + (9% + (383)
ERG

+v] cos? B5(C1C + Gl + C3Ch)

kS =

EXAMPLE: In this example, we derived the Smarandache curve of a timelike curve parametrized by
a(s) = (cosh s, 1,sinh s)

for k = (0, 1, 0)(spacelike), the g-frame of the curve is obtained by

t = (sinh s, 0, cosh s) (59)
ng = (cosh s, 0,sinh s) (60)
and
by = (0,1,0). (61)
Thus, ngbg—Smarandache curve is obtained by
* 1 :
s ) = —(cosh s, 1,sinh s 62
B(s7) \/5( ) (62)

and its Frenet curvatures as follows
Kg = \/5 and T8 = 0

The g-frame and g-curvatures of the nybgy—Smarandache curve is obtained by

ng = (coshs,0,sinhs)
by = (0.1,0)

klﬁ = cosfg = V2

kg = —sinfg =0
K o= 0h=0

respectively. Finally the curve (blue) and the ngbg—Smarandache curve (red) are shown in Figure 3.

Fig. 3: The curve and ngbg- Smarandache curve.
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